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TuE (ollowing paper 1s divided into four sections. Section I. deals with what may be
called RosENHAIN’S theory ; under the guidance of Professor H. J. S. Smira’s paper
on the single theta-functions (in vol. i. of London Math. Soc. Proc.), there is investi-
gated a general theorem for the product of four double theta-functions with different
characteristics and variables, the definition being

@{(7\' >9&' y}.—. mzw 72 (__ )mk+np-p¢( m+/.t)2q%(2n+v)2,,,.%(?/m+M)(2n+v)e(2m+u)%¥+(2n+v)i2l‘i(,
M, vV M= =00 =00

the product being equal to the sum of 16 similar products; and the equation is shown
to include 4096 particular cases. Quadratic relations are established between the
functions ; and the 15 quotients of all of them but one by that one are expressed in

terms of two new variables a;, @, the connexion between a;, ®, and the original
variables , v being

= r‘A';ZB Ny RSB,

where
Z=21—2)(1—r,2)(1 — k%) (1 — k5%2)

and A, B, A, B/, «;, ky, k3 are perfectly determinate constants. The quadruple
periodicity of the functions is investigated at the beginning of the section, and at
the end definite-integral expressions for the periods are obtained.

Section II. gives the expansions of all the functions

(i) in trigonometrical series ;
(ii) in ascending powers of  and 7.

To obtain the latter, use is made of a theorem there proved :-—

A, 2K log 7 ‘dl
o (7 O g} = 50,06,
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784 MR. A. R. FORSYTH ON THE THETA-FUNCTIONS,

0, (), 0, (y) being single theta-functions. From it are also obtained the expressions
for the four periods, as well as a proof of the product theorem of Section I.; and the
function @ is shown to satisfy two differential equations of the form

P s ENdD PP
i 290( K> -+ 2Kk =0

(k, €, E having the ordinary meaning in reference to 6, ,(x)), and an equation of the

form
AD | 2KA PO

YT da(?J

Section III. forms the expression of the addition theorem. Although no addition
theorem proper exists for theta-functions (that is to say, ®(x+¢, y-+n) cannot be
written down in terms of functions of x, ¥ and of & ), an expression is obtainable for

Oa+& y+n) . Ple—E y—n)

®, @ being either the same or different functions. Since any one function of the sum
may be combined with any function of the difference of the variables, 256 equations
are necessary ; and these are written down in 16 sets of 16 each.

In Section IV. many of the properties already proved for the double theta-
functions are generalized for the “ r” tuple functions. Among these are :—

(i.) The periodicity as in Section L ;

(ii.) The product theorem, which gives the product of four functions as the sum
of 47 products of four functions ; from it several general relations are deduced ;

(iii.) The analogue of the theorem in Section II., viz. :-—

t=7

s=7
).V VD -2 s K]Qloqp P :
(I){< o ) .%'1, Loy o v oy XLy =¢ ™s=11(= i mtl_IlthyM('T/)
[y i - e

(iv.) The r differential equations of the form

PO R AV LD
da, 2‘”’("’ K> 20 =0

and the 3r(r—1) of the form

+ i

& /Z]) w d xsflxt

all satisfied by ®.
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INTRODUCTION.

LITERATURE OF THE SUBJECT.

1. The published investigations on the double theta-functions may be conveniently
vided into four classes :—
(1) Those concerning the algebraical integrals of the equations

dr dy dz
?/3‘;4"\/?"'\/2 0
ade | ydy | zdz

V6 SEVA BV, il

where X, Y, Z are of the form
§(1—&)(1—€)(1—=AE)(1—pé)
(a—&)(b—E)(c—E)(d—E)(e—E)(/—£);

(ii.) Those concerning the theta-functions, properly so-called, proceeding from the
definitions and investigating the relations which hold between functions of
different (and of the same) arguments ;

(iii.) The transformation theory ;

(iv.) The applications to geometry, principally in reference to KuMMur's 16-nodal
quartic surface.

2. The principal papers are :—

or

For (i) I. ABer. His chief memoir is one occurring in the ¢ Mémoires des
Savans Rtrangers’ t. vii, 1841 (but presented to the French
Academy in 1826), under the title ““Mémoire sur une propriété
générale d'une classe trés-étendue de fonctions transcendantes,”
pp- 176 sqq.; the particular case of (i.) is considered p. 260. Several
other papers, less important, on the transcendental functions occur in
the collected edition of his works.

II. Jacosr. (a) “Considerationes generales de transcendentibus Abelianis,”
“Crelle,” t. ix. (1832), p. 894 ;
(B) “De functionibus quadrupliciter periodicis quibus theoria
transcendentium Abelianarum innititur,” ¢ Crelle,” t. xiii. (1835),
p- 55; _
(y) ““Demonstratio nova theorematis Abeliani,” ¢ Crelle, t. xxiv.
(1842), p. 28.
III. Ricueror. ¢ Ueber die Integration eines merkwiirdigen systems
Differentialgleichungen,” ¢ Crelle,” t. xxiil. (1842), p. 354.
5m 2
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Iv.

For (i) I

1L,

11,

IV.

V.

VI

For (iii.) L.

IL

For (iv)) I

IIL

II1.

IVv.
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Cavrey. (a) “ A Memoir on the Double 6#-Functions,” ¢ Crelle,
t. Ixxxv. (1878), p. 214;

(8) “On the Double #-Functions,” ¢Crelle,” t. Ixxxvii. (1879),
p. 74;

(y) “On the Addition of the Double 6#-Functions,” ¢Crelle,’
t. Ixxxviii. (1880), p. 74.

RoseNHAIN.  “ Mémoire sur les fonctions de deux variables et a
quatre périodes,” Mém. des Sav. Ftr., t. xi., p. 361. This obtained
the prize given by the Paris Academy of Sciences in 1846.

GopEL.  “ Theorize transcendentium Abelianarum primi ordinis adum-

bratio levis,” ¢ Crelle,” t. xxxv. (1847), p. 277.

WrrerstrASs.  “ Zur Theorie der Abelschen Functionen,” ¢ Crelle,’
t. xlvil. (1854), p. 289 ; also t. lii. (1856), p. 285.

RiemaNN.  “ Theorie der Abelschen Functionen,” ¢ Crelle,” t. liv.; Ges.
Werke, p. 81.

Caviey. “A Memoir on the Single and Double Theta-Functions,”
Phil. Trans., 1881.

Brioscui.  “La relazione di GOPEL per funzioni iperellittiche d’ordine
qualunque,” Ann. di Mat., t. x. (1881).

Hermrre.  “ Sur la theorie de la transformation des fonctions
Abéliennes,” Comptes Rendus, t. x1. (1855).

Ko6NIGSBERGER. (@) “ Ueber die Transformation der Abelschen Func-
tionen erster Ordnung,” ¢Crelle,” t. Ixiv., p. 17 (1865). In this
occurs part of the addition theorem ;

(B) “Ueber die Transformation des zweiten Grades fiir die
Abelschen Functionen erster Ordnung,” ¢Crelle,” t. lxvii. (1866),
p. 58; a continuation of which, dealing with the modular equations,
occurs in the Math. Ann., t. 1. (1869), p. 163.

Kummer. ¢ Ueber die algebraische Strahlen-systeme,” Berl. Abh.
(1866).

Caviey. () “On the Double -Functions in connexion with a 16-
nodal Quartic Surface,” ¢ Crelle,” t. lxxxiii. (1877), p. 210;

(B) “On the 16-nodal Quartic Surface,” °Crelle, t. lxxxiv.
(1878), p. 238.

Borcmarpr, ¢ Ueber die Darstellung der Kummerschen Fliche
vierter Ordnung mit sechzehn Knotenpunkten durch die Gopelsche
biquadratische Relation zwische vier Theta-functionen mit zwei
Variabeln,” ¢ Crelle,” t. Ixxxiii. (1877), p. 234.

Weser.  “ Ueber die Kummersche Fliche vierter Ordnung,” ¢ Crelle,’
t. Ixxxiv. (1878), p. 332.
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Seorion 1.

8. The general double theta-function is defined by the equation

A, Mm=w A=® @m4+p)? @ntv)2 Cm+u)2ntv)
q’{< p)ﬂ% yl="3 Y (capep T e, (1)
My V _ )

M=—0 N====0w

in which \, u, p, v are given inﬁegers (afterwards taken to be each either zero or unity)

x, . . . .
and ( 5 > is called the characteristic; x, y are the variables; p, ¢, , v, w are known

)

constants, called the parameters; and the double summation extends to all positive
and negative integral values (including zero) of m and 7. To ensure the convergence
of the doubly infinite series it is necessary that the real part of

(2m+p)® logp+('2n+v)2blog q+2(2m~+p)(2n+v) log »

should be negative for all real values of m and n; beyond this restriction, there is no
limitation to the form or the values of p, g and .
4. It follows at once from the definition that

oG == e
ol t={ GO =Gt e

the variables being the same throughout. Hence there are, in all, sixteen distinct
functions, obtained by assigning to the four numbers of the characteristic the values
zero and unity and taking all possible combinations.

Also from the definition

n=w n=ow 2 2 2 (2 2
® { (% ) ) —x, —y } =3 S (1 g B st
2

NM==—00 == =00
m=w =00 _2____4 . _2'":‘_"_’_ )
=(—1ywt» 3 3 (—-1)(m+;l~)z\+(n+v)pp( i) g( nhvt)

M= =0 N= =0

(—2mtp+p)(—2nFv+v)

2 rl)x(_faM"'l'-)ZD?J(—Q;L—']‘-l/'(‘v)
w=w  w=w 2+ (@0 +v) @i+ p) + .
= ( — ]_)"N- +vp 2 2 (—- 1)7”()""”’9])( m4 ) g< ’L4 2 qm( = “2)( - v),vx(ﬂwz’+ﬂ)/w?/(2n +v)

' by
— A v, ’p
=(—1) P@{(MV)ac,y}. S (4)

Hence there are ten even and six uneven functions, the latter being denoted by an
asterisk in the following table, showing the correspondence between the notations
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that are used. The current-number notation adopted in this paper was chosen to
coincide as closely as possible with that of Professor CAvLEY (with which it is almost
identical as will be seen from the table) and with RoSENHAIN’S notation; that of
WEIERSTRASS is given as quoted by KONTGSBERGER. In the table 7 denotes 4/ —1.

‘1’8: 8 Y Bs3 P 3(8, 8) 9%, 9,

o1 % . Q" S In
T
8’ (1) I P30 pr 8: g Js s

o % . R ool 3,

Tl 9, . 8" 50 9, 92

» o1 9, o i %9((1): ) . 9
(1): (1) Y P R (1): g Iy | Y3

: v b | o™ (10 o i3,
) i: g Iy Pra oS! %‘3(}: 3) 1797 iy,
%: % S Pu S -*«9(%1 %) — Y1 —9,

N %: (1) S Pro iR '11‘9(%: (1) %‘913 iy,
%), 8 oz Pos P (1): 8 Jy 54

(1): 2 I Pua Q % é I Y,
A N I
50 Srs oo P ¢ %1 9,
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5. In the general definition of @ substitute

i
v=e® . . . . . . . . . . .. (5)

w:ezﬂz(G)
so that

A p nerorar oo 35 (b S 2 ) YL ime z 73
P ‘[; Y 2 2 ( 1 )m)\+npee { @m+p)log p+Qu+v3log g+2QRm+u)2n+v) log r§+g {(2’”+“>K+(2”+")Kj
M, Y

M= =00 N=~0

(T o)

_¢{<“ >q;,y+4A}. N (4)

Obviously

so that 4K and zero, zero and 4A, form two pairs of actual periods, conjugate in
x and y, for ®
Since

w22 A . M=O R0 mx 2mntp oy 2t (2n+v)9
e—“mo”@{(#’ 5)90 ?/JL= 5SS (= 1) mp ity loep} Heu {5 10g ]+ O 1og g
)

M==~0 N==0

and the right-hand side is unaltered by writing

fzc+ log p for z)

and ,

4;5— log p, %log r form a pair of quasi-periods for ®, conjugate in « and y. Again

w2y A ’ =00 1 ¢my 2ty 2 mx 2ty (2m+p)?
e‘m@{( > P T, Y b= 2 2 (_1)m)\+npe logq{’ZA"' g log q} +(2m+/")$7zl(+ 3 ogr}+~——z—logp
RS

and the right-hand side is unaltered by writing
4K
m+;@: log  for x\L

and

)

4A S
y+m. log ¢ for yJ

so that %—5 log 7, % log ¢ form another pair of quasi-periods for ®, conjugate

in « and .
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Actual. Quasi.
w HERMITE’S , HerMITE'S m HEerMITE'S HerMrre’s
' Notation. Y Notation. o Notation. Y- & Notation.
4K 4A
4K Q, 0 T, — log p Q, — log Ty
4K 4A
T — » O —1
0 o, 4A . | i log 1 " —logg T,

This table exhibits the four pairs of conjugate periods in @ and y; one relation
between them is immediately deduced, viz. :

an equation which HERMITE makes fundamental in his transformation theory (Comptes

Rendus, t. x1.)

period increase of the variables, are easily obtained :—

o{ [ o) =iovie{ 1o}
o{ (it s =iro( (s} |
o{(> D)oyt a}=(=1f o (0 o} |

o{( ) vroaf=(=1r o (> e s] j

A K A m [
o{(er S enas S} Folf o) |
NP\, 2K 2A o im {(x,p> }
q’{(ﬂ,y)%km.Ing,y+m.logr}_p CE(=1)R N, )8 Y Jl

A, p K X A oy AP ]
TR YR

A, 2K 9A L imy A,
of (1 Dt T togr s =gy Do} |

The following equations, giving the relations for quarter and half

(8)

(9)

(10)

(11)
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~
N p K A NooLp }
<,“ v) + logp, y+ logr ®{<M,+1 y>x,y

P A

w+—~10g29s?/+— log 7 ‘I’{< v y} L . (12)

}

b
x—l—;g log p, ?/+ﬁ log 'r} B

}_

s
= —1)P+p’ H v
p

>x+9 K+~— 10gp+ log 7, y+slA+~ log 7"+% log g}
> + K+'7_T‘IZ logp-{—;—rg log r, y+s 1A-}-'I—Tzlog r-l—;; log q}

A+, p s }
—_ 1 %{(8+s’)u+(sl+s’1)u}q){</1, +t v +z >{Z?, Yy "
——(_ ) @ 7\,'+8/, p/_!_s/l . ( )
{</~'/+t, v +z )w, y}

where, in the last formula, s, s, &', s}, ¢, z are integers, and the functions on the right
hand side may be reduced by formulse (2), (3) to functions in which the numbers of the
characteristics differ from N, p, p, », N, w', p, ¥/, respectively by less than 2. This

combination of periods in quotients is similar to the combination of real and i 1mag1nary
periods in elliptic functions.

ol 2
"

The product theorem.

6. We multiply four theta-functions

M, oy Ay Pg\ . g, 3 Ao Pu
@{(ﬂq} 1/1> xl? yl}a (I){<ﬂ2, Vg) %25 ?/2}, qD{(/LS, IJ3> w3, yg}, (I){</L4, V4> wi, :1/4‘},

such that each sum of the four corresponding numbers in the characteristics is even.
Let such a product be denoted by
ncb{( >a¢y} L w)

MDCCCLXXXIT, 51
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indicating that there are four functions having numbers X\, p, p, » with subscript
indices 1, 2, 3, 4. Taking the general definition given in (1) for @, let

M, + 2m, =M, +2m,=M;+2m; =M+ 2m,=m, +my+ms-+m,
N, +2n =N, +2n, =N, +2n; =N, +2n, =n, 0y +n3 +n,

2(A1+0) =2(Ag+Ny) =2(Ag+Ng) =2(A+N) =N FA+N+)y jl
2(oy 1) =2(0y+p) =2(03+ps) =20t i) =ptpotpsti | (16)
2(P,+p)) =2(Py+py) =2(Py+ps) =2(Pu+ps) =p1t+patpstps 'i’
2(0”1+v) =2(c 3+ v,) =2(0'sFvy) =2(0 i +v,) =v vy tvstv, )

which contain the assumption that S\, Su, Sv, Sp are all even; and

2(Xy 42, =2(Xy ) =2 (Xy+5) = 2(Xy a,) =2+ 22342, (17)
2(Y, +91)=2(Yy +v2)=2(Ys +7)=2(Ys +y) =111t
In the course of the proof the equivalent of the algebraical identities
APFARFARFAS=A NSNS . o . . (18)
AP AP+ AP+ AP =N o Nopyt Nops T hapy - (19)
will be used. We have
A p — LOTSE NN S Ve S T R A (T Enptpalt oo 2 Enetp
4Hq>{<#, v)x, y}_42(_1) MF e FACEIRLE s ¢ i
v @yt « e e + @ % q(2711+v1)2+ . 4 +(2ny+vy)?
% 1’0(2%1_‘_”1)%_" @t < 7 (2 )20y F1) + 2 + (200 + pg) 2ty ) (20)

where the summation is over all integral values of the m’s and #’s from — o to - oo,
Using (18), (19), the indices on the right-hand side of (20) can be at once trans-
formed ; and the following equations give these transformed values :—

mMA+ ... FmA=3MA .. +MAY)
mprt o Frp = NP+ NP
@mtp)*+ ..+ @mytp)’=M+0)* + ... + (M, +oy)
R T I LA N R
@m+p)e+ . @yt p) =M o)X+ + Myt X,
)yt -+ @b r)y=NFo )N +(Nyt0') Y,

(27”1“"#1)(2"1“"’1)4' e +(2m¢+#4)(2”4+”4):(M1+0'1)(N1+°"1) + ...
+ (Mﬁ' 0'4)(N4+ a l«L)
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The substitution of these in (20) gives

ATTD { (l):, 5>x, 3/} — 42(_ 1).&-{(311A1+ aE LAY+ MNP+ L. +N4P*)}pi{(1\,[l+gl)z+ . +(M4+,,4)2}
b

{Z% LTSRN CAR PG N MLt o)Xy Miko'PTat oo +(Nuto') Yy

gAMoL Mo )N+ ) (2] )

the summation being taken for all values of the M’s and N’s defined by the equations,
w.e., for all integral values which give integral values to the m’s and n’s. Now the
- difference between any two of the M’s is even, so that they are either all even, or all
uneven. Taking the first of these cases, let

M,=2M',, M,=2M',, M,=2M’,, M,=2M’,
then since

dm=—M;+M,+M,+M,
and similar expressions hold for 4m,, 4m,, 4m, it is sufficient that
M, 4+M,+M;+M',= even.
Taking the second case, let
M, =2M’ +1, M,=2M,+1, M,=2M,+1, M,=2M’,+1

it is sufficient that
M, +M'y+M;+M',= uneven.

With corresponding quantities substituted for the N’s in the two cases exactly
similar relations hold. Separate the terms in (21) and denote by

2. those in which M";+ ... +M’,= even, and N'i+ ... +N,= even;

22' »” » 2 = even, ) 2 = Odd;

3 2 » » = odd, . ) = even;

24' ) 29 Iy = 0dd; 59 33 = Odd.
Also write

AMHN AN =0 Ay -+ A+ A, =24
pitpytpst+py=P 4+ Py4-Ps+P,=2P";

and, for shortness, let Q;, Q,, Q;, Q, denote the general terms in 3, 3, 3, 3, respec-
tively, so that
512
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— 1 YMAA o A MAA NP L L, NP,
( 1) 14 WAy N Py +N'y 4Q1
— P% {eMy+ap+ ...} g%{(ZN’1+o-’1)2+ o b @H )N RO+ L LMK L ON )Y
MiAj+ oo +MA NP+ .., +NP,
(__.1) 141 WAy + NPy s 4Q2
— 20*{ My 4ot ... ] Q% {eN+1+oyp+ ... } T%{(2M’l+a-l)(2N’1+1+u-’1)+ cee} @(2M'l+m)xl'+ @)Y
(___ 1)M1A,+ e M AN P +N4P4Q3
=pé{(2M1+l+o'1)2+ . }q%{(zmqwl)w i }7.%{(21\1'1+1+a,x2N'1+a‘)+ ces }v(zmq+1+al)x1+ g @N LY L
(_ 1)M At oo FMA NP+ L +N'4P4Q4‘

-_—_p%{(ZM’1+1+<n)2+ . }qé{(2N’1+l+u'1)3+ ce }T%{(ZM,+1+a1)(2N1+1+0’1)+ e },U(2M'1+1+0'1)X1+ N L)Y L

and (21) becomes

A, ) ' o
4H(I>{<Fo 'fj>w’ 3/} =42 Q- (= 1) 42 Qe+ (—1)° A5, Qp+H(—1)"745,Q, . (22)
Consider these four sums separately ; then

4’EI'Ql = SEQ + 22( —1 )N'1+N'2+N’3+N4Q1 +22( —1 )MII+M’2+M’5+M,“Q1
+22(— ].)N'“’ e FNGAM L +M’4Ql

where the summations on the right hand side are now taken without restriction for all
integral values of the M’s and N’s between — o and oo ; and with similar removal
of the restrictions on the values of M and N to which the summation extends

430, Q=33 Qy— 5 ( — 1)V N NNQ L SR (— 1)Mar MM Q,
""22(— 1)N‘+ ce ANGEM +M',‘(22
43, Q= SEQuF EN(— 1NN NQu N3 (— 1N,
— IS (= 1)Vt NN Q)
43, Q=38Q,— 53(— VNN Q, S 1),
+22(__ 1)N'1+ con AN +M’4Q4«
Thus

A, . .
4110 { <M i )ac, y} =sum of sixteen double summations.

But each of these double summations is the product of four double theta-functions :
thus, in particular,
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Q,= general term in
Ay, Py A, A, P, A, P,
oo e whol(or o whel(Gy s ol (ke
i.e. in an{@’ f)X Y};

(—1)NNFNHNGQY — general term in H@{(A P+1>X Y}

g, 0

and so on for the others ; and it follows that the expression of the product theorem is
given by

N o)
4H®{<ﬂ> 5),,,’ y}

|4 (—1)* into

*{(rer oo

(ﬁf '1>X, v} +nc1>{ (e f“)x v}
{

{

I
=
S

N

S

s

1 S~
M
!

[
=

A+1’£>X,Y} g (A-{—l P> }

ag

(
+H<I>{<f:+1’ f,“)X,Y} & <A+1 1+1>X Y}

, o +1, 0
+(—1)" into +(—1)*** into

ol Jer} | el

el e} (onell 7 e
fB0 ) (2
-n‘cp{@*m/jri)}( Y} +nq>{<fﬁiﬁ>){,¥}. L. (23).

7. This product theorem does not comprise 16* equations, as might be expected ; in
defining A, P, o, ¢’ it was assumed that the sums of the four N’s, of the four u’s, of the
four p’s, and of the four v's, were each even. Thus when A, Ny, A, are known, A, being
limited to the values zero and unity, is also known; and similarly for the other
numbers. Hence the number of equations comprised is 163, .e., is 4096.

8. If any uniform increase or decrease be made in a set of corresponding numbers
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in the left-hand side ; the same increase or decrease occurs in the right-hand side;
thus if each of the \’s be increased by unity, by unity also will each of the A’s be
increased. Hence, as immediate deductions from (23), are obtained the following
formulee, including as particular cases, many of RosENHAIN'S formulee contained in the
table at the end of his memoir.

o™ P A1, p N opt+1 A+1, p+1>
\l‘" >+H(I’< ’”>+H¢</">” >+H¢(# >V

__IICID<A P>+H®<ﬁ+l P>+ @(A P+1)+HI><A+1 f+1> (24)

)

where on the right-hand side the variables are X, X,, X3, X, Y3, Y, Y3, Y,

a’nd 99 ]eft - 33 39 33 Xy, wza L3, Lyy Y1» :1/2’ Yss ?/4‘
A1 A, 1 A1, 1
Hc.b()”’ P>+H<p< + "°>—H<b< pt >—II(I>( Lot )
M v M R4 /“’? v }l' » VY

[ /AP A+1,P AP 1 A+1,P 41
=(—1)P[H<I><a’ >+H<I>< , +1>—Hcp<a’a,+1> ch( , +1>J (25)

H(I)<7», P>—Hq><7\+1 P>+H<I)<)\ p+1\ H¢<7\+1 p+1>
M ¥ ®~os / R
J , P A+1, P A ,P+1 A+1, P+1V]
—_ A —
=(—1) [H@(a_ 41, o_> H@(d +1, ‘)_,>—[—].'ICI><(r +1, o > H@(O_ +1, o >_l (26)

- 1 1 1
Hq)(x, p>_H®<x +1, p>_H¢‘<7L,p+ >+Hq><7”+ , P+ )

M Y Y M Y M v
. AP A+1,P
o 1\A Y d _ ’
=(=1) [H®<a+1,a’+1> Hq)<0'+1,0“'+1>
A P+1 A+1,P+1
_H<b<0'+1, >+ (I)<a'+1, a’+1>:|‘ e (2D

To these must be added a set of four obtained by increasing each of the s by
K A . A : ‘ o
Filogp and each of the y’s by Elog r, conjugate quarter periods: by these sub-
stitutions (24) gives

A1, p n p—l—1> A1, p+1>
i} oo
H®<M+1 V)+ (I)<,u+1, V>+ ®<#+1,v + p+1, v

/A, A+1,P [ AP+l A+1, P41 .
=ne(,’ | >+Hq>< +1,0,>+1‘I<L<0+1,a, >+H®<G+1,o, ) (28).
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Another set of four is obtained by changing « into a+— log

A
andy y+;7~;logq:
thus (24) gives

NP AL ) A, p+1> A+1 pt1
II
q)<p, v+l>+Hq)< s v+1>+H(p( s e g v+1

(AP A+1,P A, Pl A+1, P41 N
_ncp((l_, 0,+1>—|—1'I<I>< - OJ+1>—|-1'I<I>< - >+H<I>( . o_,+1> (29);
and a fourth set of four from the same equations by increasing each of the &'s and y’s

by log prs — log rq respectively : thus (24) gives

n@(ﬂ M p >+H¢<x+1,p >+H<I>< 7\.,p+1>+1_[q)<)\+1,p+1>

+1, v+1 pt+1, v4+1 wt1, v+1 wtl, v+1
= AP A+L P A, P+1 A+1, P+1
~H®<”+1’ "/+1>+Hq)<"+1’ G'+1>+H®<o+1, cr’+1>+nq)<a+ 1, o"+1) (30).

But as might be expected from formule (8) and (9) with (17), these equations (28)
(29) and (30) could be obtained by uniform increase of the numbers pu and » in the
characteristics of (24).

9. Let the value of a function when both the variables are zero be denoted by c,
with the same subscript number as marks the function in the current-number notation;

for shortness, let
9,(x, y) be written 9

'97({:4 7)) 9 07‘
and $,(x+§, y-+n) s (x+E)

Then the following equations are obtained from (23) by assigning suitable values to
the numbers of the characteristics and to the variables.

8eg® 3 = P+ e+ 02957 + 0232 + oI + oI+ e3P + o’ H ot . ®
e 9 =c3 + 23 + 0575 — 029, — eI+ oI+ o — ot — e’ L . (i)
Beg? 9% =PI+ 0?9’ o5+ o293+ IR — oI — o9 — et h’ —ath? . (d)
Beg? 352 =92+ 0292+ 0P d? —e 2y 2 — eI — eI — 027+ 0Pt o Pt . . ()
e 9 =c®I P — 02+ 0P — o9y eI+ edIP —ogIP + ol —alSh? . . ™
3ee? 3 =Y — 29+ 292 — 297+ ¢ 29 2 — ¥+ eI —e Nl o2t . . (vi)
3og? 95> =™ +0* NP — 0?92 — e3P + 0,297 — o3 e+ o —oth? . . (vid)
8og? %2 =022+ 0,212 — 0292 — 29,2 — 0,29 2+ ¢ 292 + c2 3P —othd ot . . (vill)
301297 =023t — 02 2 — 29,2 + 6%t + 0,23 2 —c 2P+ 02 — 02 dy? 4292 . . (ix)
3o, 2= 29— ¢ 22— 0,29, + 05292 — ¢, 23 2+ ¢ 2Y P — 0PI + 029 + 017 9° . (x)

These are not independent : thus, adding equations (ii)—(x), equation (i) is obtained ;
and simpler relations equivalent to these will be deduced later on.
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292 = 292402 920292 — —

3o 3P = o Mo HP—oY &P — e3P oM —ei P —e® St ted %P
292 = 29240292 02924 ,292__ — :
3 3P = ¢ P+ I —c29 2+ o292 — 292 e10* 3y o g? Ft—cg? s .

29 28— 029202920292 (2 2 .2
Soth’= o H’—0g FP =PI P =9+ P IP + 29 —o,P9y +oy® g+ gt -

29 9~ ,2092_,299 ,2024 .902 ) ,202_ ,202
Bog? h?= o HP—od $P—0 292+ 02 + 62— 0292+ 29? + 0P P—e? 9P

30? h?= e hP+ o2 — 0?3 P+ 29+ 0,29 — oty — o P +og? Hl—e? P .
Be? 3 = 0 PP — o092 + 0237+ eIt S o hsP—e $ 2o P
Beg Int=  c*HP—o R+ 0?9 P+ 0?9 P—o, 2957 —0? =g hP e h ot P
Beg® = WP+ op®hr oI — oI — e 20+ 0PIt — e Bt o P —e? %5t .
80 d'= oI+ e P I+ 0?9 P —oP9 P+ 029 — ety —0p® h?—e? Sl tet hyt .
3o = 03 + 02+ 037+ 029 ot + o St o Nl o P Fe? 9
8e? = 0?9+ 01?3 — oI+ e?9 P+ 02 9P —c 29t —ep? Syt +o? hl—e? hit .
8eg® = o+ 0P+ oI — eI+ eIy — o290, —o? P —e® h ot Ky .
Bo? N = =0 I+ o H P+ 0297 — 0297 — 0,297 + 0?9 +e? I —cg I +0Ph?

3ot =—0? 3P+ $P 4 2P — 0P+ o2 — e3P —o? 3¢ ol I —ep bt
Be = o 3P I — 0?9 — 0?97+ ePI P+ 29 — 29! Fog? Tttt St

Boy® P= o I —cs? 9P —c"9 P+ 0297 + 29 — %S 7 Feds o9yt —eg?
6o €y I Fg=0y 539 Fyy+oy05 hadyy
095 0y 05 =39,0, 0y + 305 013— 1091010015 -
H10911014015 = F5F9 010015+ 3995 65 6, — 9 31 6, 65 .
10. By equations (i)-(x) we have

o 9 2Q 2 — 9 9

R T e T R

. — b} —
002-9‘02—(/3233 -—062'9‘6 +0821982.—- 04!2'9‘412—'_ 092’9‘92 . . . B

2q 2 29 2,299 29 8 2q 2 29 2
Co S — 5 5 = 079y 0 =09+ ¢,2 9

(<0)
(xii)
(xiii)
(xiv)
(xv)
(xvi)
(xvii)
(xviii)
(xix)
(xx)
(xxi)
(xxii)
(xxiii)
(xxiv)
(xxv)
(xxvi)
(xxvii)
(xxviii)

(xxix)

(31)
(32)
(33)

iving six distinet expressions for ¢,29,%; and six can be obtained for each of the even
giving 0T €ty

functions in this form.

By (x1)-(xiv),
2 29 9 . 99 9. 90 2
— ™95 oYy = €Y — ey = —c?3;% 4¢3, .

By (xv)—~(xviii),
g 2 . 9 — 2
¢™91s® —?9t = 079 — %9, = 529,769,
By (xv), (xvii), (xix), (xx),
6" Fe?d? = 69 o290 = ¢,290—¢9,° .

By (xxi), (xxii), and two others,

L 20 2 1420 2 o 2202 L a 2Q % 30 9__,2q 9
Chy” ety = 69y eIt = et ST ey

(84)

(35)

(36)

(37)
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By (xxiii), (xxvi), and two others,

2 2 2Q 2— 29 2 2 2 — 29 2 2q 2
015 '9.].—14 —612 313—_"08 v9’9 +09 ‘98 —_"04, »\9‘5 +C6 r97 . . . . (38)

By (xxv), (xxvi), and two others,

99 2029 20— 0 2921 020 20299 10202
Oty — Pt = — 1?9 o = — 029 eSS L L L L (89)

The first members of (34), (86), (37) are given by RoSENHAIN, in the paper already
cited, in his formula (94), and of (38), (39) in his formula (99); but the second
members are not noticed. The equivalents of (xxvii), (xxviil), (xxix) are given in
his formule (98) and (102) ; and of the following equations (40), and (e)~(e), in (89)
and (90). ‘ '

11. By making both the variables zero in (81), (32), (83) there at once follow the
equations

et =gt =105t =gt eyt
Ct—cst =cgttogt=ct4cyt N 10))

- 4, 4 d_ o\ 4 4
Gy —Cp5 ' =cyt cgt =0ty

and the following are obtained from (23),

t 0020122= 04*2082 —I"' 0320152 . . . . . . . . . (OC)
% S 20 2
3 cfet=clc’ e, .. . . . . . . . (B)
—0 2020 ?
Log’es” =c’e’ oo o o 0 o o o (y)
(022 —p2 2102
R R T O )
§ o’ =cletele, .o o o L L L L (e)
2.9 — 0 %0000 20 2
R e T )
— )
I O (4
2 eles® =c%ctHctet .. . o . o o o L ()
— % 2
R L ()]
J’ e e )
e R (1))
» %0 2 2 2t 020, 2
R N (7<)
(¢ =clle® e, . o o . o o o ()
< efes® =clet e Lo o L o o . o L (D)
Lefe=cle® e . o . o o o ()

MDCCCLXXXIL 5 K
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which agree with RosENHAINS set except (vy), in which his left-hand side is equivalent
to ¢,%cg?, probably a misprint. It is worthy of remark that the sum or difference of
the subscript numbers is the same for the same equation, which is also the case with-
many of the equations (31)—(39).

12. Eliminating $;* between (38), (89) we have

, —_ 2,2q 9 2,9 2, 9)q 2 .
"972((’12062—0320442)— — %3+ () %c - c,7c1) 97—, e’ 9?

or by (1) and ({)

01292 = — 029 0,29, +0,29,,0)

Similarly from the same equations

N 01595 = —Cy™ds" +¢5°%* +¢g%%”

By (85), (36) 2q 9 29 2 29 2 29 2
63t = Cigd ey Yy —Cd ¢ (41)
6" = ot et — ety
CEhi= 9P — a9 — 09y

and therefore by (84)

CPIP = 0529 — %y — ¢y

which give the squares of the uneven functions in terms of squares of the even
functions.
13. Following RosENHAIN (91), put

2,2 )
¢% R )
9__%0% 19 00%" w2 2—=1
KT= K= %5 hence by (6) 2HA=1 0 L. (42)
0" 0y 0 Co
9 9, 2
Ca?Co” cq
973 9 7 9___"6 "2 Q 79
Ky _020 K2_0262: 29 (7]) Ko +K2—1 e (43)
8 2 Cg
.22 .20 2
900 9 040", 9 79
Kg _002082 K,3 _002082’ iy (C) Kg +K3 =1 . . . (44),
Then
c.? ¢,%g? -—(,202 R
2 978 1% 0 Y9 “3 Y6 “15 K
Ky — Ky = = s e e 5
1 2 eg? 02( 2 00202208” ays (4 )
RIRY
2 Q174 15 2
K== S = =K, B 1))
0 CyCg
RIS .
Kzg_K?)z— 9 12 15 —Klz. . . . . . . . . (47)



PARTICULARLY THOSE OF TWO VARIABLES.

801

and from these the following expressions for the ratios of the ¢’s are easily obtained :

4 2, 2 4 2,02 4 2, 9T 2™
of kK 6! _#0K's &' _ K0k K?
4 2 U ’ 2 4T AR 2
I K, €y Ky ¢y «' 7K,
4 2,/ I 2 4 2. 2R 2 4 2./ 272
”g__"s"sKs, O ___K1'Kg K, C1a _"1"3K1
47 . 2. AR 2 4 2K 2 4 oI 2
ot KK, c ©" K, ¢ x K,
4 9./ 9T 2 4 2./ 9.2 4 oI 2
of kK gt K o' KgKy?
) reit) 47 . 2. 2K 2 4T 2.2
Co &P Ky ot rK, Co KoK o™ )

(48).

If now these be substituted in the equations of which (41) are a type, a set of
algebraical identities is obtained ; in fact, putting «*=a, «,*=0, k?=c, a, b, ¢ being

perfectly independent
b(a—c)=a(l—c)(b—c)4ac(a—c)+c(l—a)(a—Db)
(b—c)(a—b)=ac(l—D)+(1—a)(1—c)b—b(1—b)

and from these

a(l—ec)(b—c)(1-=b)+e(1—a)(1—b)(a—Db)+b(1—c)(1—a)(c—a)
=(a—"b)(b—c)(c—a)

and many others similar to these, all of which admit of immediate verification.

14. Two other equations, which will afterwards be useful, are

CsCy{d10(@+ &) 915(x— &) — I15(x+ 5)_912(95"' £)}
='910'911614'915 _'98'99612613""‘92'930607 _'9031 9405
= 2(9‘2830667_59'0’9‘104‘05) by (XXiX)

o011 % (x4 ) 9ol — €) _912(w+ 5)99(‘”—5)}
=9¢95000;— 999,050, + 9591505013 — 916915010015
=2(94%:0,0;— 399:0,0;) by (xxviii) .

Connexion with the hyperelliptic integrals.

15. Taking the fifteen ratios obtained by dividing all the functions but
that one, it follows from the relations already established as (31), (32), (33),

(19)

. (50).

one by
. that

any thirteen of them can be expressed in terms of the remaining two, or that all these

b K 2
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ratios can be expressed in terms of two new variables. Re-arranging now the first
parts of (34), (36), (37), and substituting for the ¢’s in terms of the «’s, we have

agreeing with ROSENHAIN (95).

then if

o NS ey 3 KoKy 9y° —1 I
Kgkeg S1g” K 1Koy *912 K fegtty Sy
2 / 7 Pl 9
_ K S’ ey 97 | KK 9P [ (51)
Koy g | Ky gry 107 T K g 917
2
_ K Sy _ﬁ_&’ﬁ Iy KK, 9 =1
Kty Sy’ e kg’ '912 syt Sy J

Assuming x,, @, as the new variables, put

2

Iy L= Awx,

12

— ) (1 —2,)

'9102 2 2,
Q‘:C(l — ie %) (1 — e, %z5)
Iy 9 2
51‘2‘2=D(1 — Ky 951)(1 — K Ty)
Jo? 2 9

the equations (51) are satisfied if

A= — Kok

B= — ks (= 1%
- ro i
KK ol 3 KK,
Kk E= KK
- 7 I
©' K K, ©' KK,

.o . 95 \2
16. The other ratios involve ,, @, irrationally ; thus to find <~§8—> , ROSENHAIN uses
12,

equations corresponding to (xxvii), (38), (89), and eliminates 9y;, 9,, between them,

2
giving a quadratic in <§8—> . Having obtained this, the expressions for the other
12

functions follow by substituting for the ratios already found in the equations (81)—(39) ;
and the complete system of expressions for the fifteen ratios is as follows, the -+
sign being usually taken throughout (see CavLEy, ¢Crelle,’ t. 88, p. 81):
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9.2
~M138 7
g, a7 KK Iy

19
35 . KyKoksg

(L—a,)(1—)

o 7
g UBLELE

2
§10 Koks

2 4
He KK,

(1— K1%%,) (1— K,°2,)

3,2 gk
,9:02 - ;izKi;lK: (1 - Kz%l) ( 1— K22.’15‘2)
92 Ky K,
3(;;;2 ;/;Kl IQK; (1 —_ K32w1) (1 —_ K32.’L‘2)

9,2 K

— .

S? /3K Ky

; { \/5;72(1 —)(1 — sy’ ) (L — i )(1 — e5y) + ‘\/ml(l —2o)(1 — &y my) (1 — k%, )(1 —K5°)) } ?
(2 —@y)*

2
'93 _ K

Ciam /7
S &/ K\ Ky

{ v ay(1—a)(1 — 1" 1)) (L — kg (1 — ) £/ (1 — &y )(1 — s ) (1 — ke )(1 _"32%)} ?
(2 —ay)?

3 _ I L2
S’ 1 K Ky
{ \/"”1(1 —2y) (L — &y ) (L — i) (1 — iePy) + \/""2(1 — ) (1 —ryPw)(1 — o) )(1 — Ky") } ?
(2 —a,)?
P K

W=z —r )=o) —KsQ?g)i «/);cg(l—woa—xmxl—xfxgxl—xg%l)}z
&y — &y

2
I Kk

e 7
s &1k K Ky

{ Vo (1—a)(1 — 10°m9) (1 — g2, )(1 — regy) + V(1 —ay)(1 —x’2)(1 _’szwz)(i —"329‘71)} ?
(@) —y)?

{ V(1 —y)(1 —ry"y) (1 — ke, )(1 —K5'y) + \/‘”2(1 — ) (L —&y%) (1 —ry))(1 o) } 2
() —@y)*

Ie? 1
o 7 7 7
Sy KK oKg

{ o —2)(1 — %) (1 — ey )(1 —g'r) + 4/ (1 =) (L — &)%) (1 — i ,) (1 — K5°2,) } ?
(&, —,)

803

- (52)
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9112 Koy
St w KK

{ \/xz(l —)(1—re)*wp) (1 — ey )(1 — ey & \/)‘”1(1 —a) (L") (1 — 57009 (1 — k5", ) } ?
(o —ay)?

2
Sy KoKg

he? - w' o', Ko K
{ \/m1(1 —2) (1 =1y )(L — 1y ) (1 — ry,) + \/7"2(1 — @) (1 — K, )(1 — "y ) (1 — k5%, } ?

() —@y)*

S5 !
ha? o Ko K, Ky
{ \/“’1(1 — ) (1 — s ") (1 — %) ) (1 — r3%y) + \//”32(1 — ) (1 — &y %, ) (1 — 5%, (1 ) } ?
()= a,)?

which correspond with RosENBAIN'S formula (97).
17. Tt is now necessary to find relations between w,, , and @, y. Let

5 d, T dr,
’ a3 5 4 d'97
5 ¢ 7 =

dy, dify

where L imply that, after the differential of the function has been taken, both

dary’ dyy
the variables are to be put zero. Differentiating the equations (49), (50) with
to &€ and then putting &, y zero, and noticing that

dflet+§)__  dfz+§)

i &
dfw—§ _ _ dfle—§)
g de

we have from (49)

dd d9
CgCy <913 ﬁ_gm ‘d;la>=06079233_%059091

or
D\ o s dy
oo )= 3 om0, 5
and similarly from (50)

e ()it B
P d\9y 07 910 S T S

regard

(53)

. (54).

Differentiating the same equations with regard to  and proceeding in the same

manner we obtain
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_‘_Z_ '_Slﬁ — / _'_9.9_& / _'?l _'9.3_ 55

CsCy dg/( 312>_040 ot e A ot SR (55)
d 39> 9y I , 3 9,

Cro = =c¢y 0 e, AL 0 0 0 0. . (56

%1 d?/<'9 '912 '912 e 19 Hg ( )

which correspond to RoSENHAIN'S (104), (105). Let

X1=m1<1_mo(l_fol)(l-—:«fwl)(1““32‘”})}~ e

Xym=aty(1 =) (1= e, 20) (1 — reg’p) (1 — e5’y)

Substituting in (58), (54) from (52),

dx2+ ok “{\/Xlwg(l—/cg%) \/Xaﬂfx(l 1c32w1)} ﬁ{\/)& i ’\/szl(l —rg'1,)}
i T8 =

dx, da
(1) 2 (1 =) 2

x“{ ‘/X;(l"‘mz) (A —rg’2y) — “/}Tz(l —2) (A=r?) } =B{V X (1 —y) (1 —yey) — VX (-2 —rfe)}

Pg—1)

where a, B are functions of «), x,, x5 and of ¢;, ¢, which will be afterwards seen to be
themselves functions of «y, ky, k3. From these

da, ,8(1 kP 2y) — ol —ry xl)f fy—I—Bxl\/X

Sa)
do Ly—a, » SaY5

dmy a(l—/cq%g) Bl —r,x,) \/Xl— fy+89r2 «/X

dx ™~ Lo=—2y
Similarly
dwy, o +08,
Ay~ wy—ay VX,
dey o+ 8%,
dy = wmy—a \/X
If, then, we write
A A+ Bz, A+ Bz j
d 2
BRI (58)
A+ P

dy=

2 A—I—Bw2
x da, J

the foregoing equations are satisfied, provided



806 MR. A. R. FORSYTH ON THE THETA-FUNCTIONS,

By —AS =1
AY—By=1
By —A’S =0
By —A8 =0
hence
B_A_ 1
8/ _')’/ —781_7/8
B A 1

and therefore A, B, A’, B are determinate functions of «j, k,, k. The equations (58)
are the well-known equations for the hyperelliptic integrals of the first kind.

On the expressions of the quarter-periods as definite integrals.

18. Integrating (58)
@« A+ Ba f2A+Ba,
s o
(oA’ B, | (#A'+ B
_L) VX BV & I Vo S

a, b being constants: we proceed to find some Integrals giving the values of the
periods.
19. (i.) Let =0, y=0, so that all the uneven functions vanish; then, by (52),

1
0 =0, Ly=—3; and hence
Ky
1
w A+ Ba
=[x
1
DA 4 B
_L X de.
(i) Let =K, y=0; referring to formula (8) the functions which vanish are seen

1
to be 9, 33, 39, F105 F1ao 910 ; and to ensure this x;=1, %= p 8O that

K— [ A ;}P%“d + [“‘”%}_?dw
o= A
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(iii.) Let #=0, y=A: the vanishing functions are 9y, 93, 95, I Y13 Iq5; hence

1
=, #,=0, and

2

O___rzsA:;}}?d +§0A;de
a=| “’”A;J/“g da | OA;j?f .

(iv.) Let w=7-1§7j. log pr, y=7% log rq : the vanishing functions are 9, 34, %5, 94, 915, I 145

hence ©,=0, x,=1, and

X LA+DBaz
pilogpr=| ST o
A 1A'+ Ble
— log rq:L X d.

{v.) Let ac__K+ log 7, y_A+ log q: the vanishing functions are 9, 95, 94 I,

1
94,9115 hence x;=—

—5 By=1, and
3

K| A+ Bz 1A+Bo
K+— log'r_.{O X i +I VX da

A K32A’ +B 1A'+ Bz
At log g= [ X e +[ X dm.

By the elimination of a, b these ten equations reduce to the following eight :—

o=[A Dz,
= X
0 A
A+ Bz r (59)
K=f- L
0 \/X J
1 ~
Kl’A—{—B{B
- log p =L X d
. N (1)
Azloow —FFJ—B% dx |
e} Q_' 1 \/X
1 =~
K22A+B{L'
_[l. VX dw
" b e (B1)
A+ Bl
A—L, \/X X
Ki® J

MDCCCLX X XII. 5 L
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1 N
K oo re f wA+Br ,
i PV
A L, B S (62)
w2 A4 B
—; log q-L e S
K2 J
20. Let
Jo/ X779 /X n | (13)
rwgdx_ Fmgdm——K l% e e e e e ()
W/ X /X8
Then
1dKy  dKy_
ky de,  Lde =Ky
1 dK, dI_{.%l
w, dry My '—Km
1dKy  dKy
Ky Cllcl 1 dr —K31
And
dKy, }'1 dx
ey o= VX (L—x)
and
a., \/X__ _ P, _R1+S15!1+TL962+U1.272
dr 1—w2  /X.(1—k?%) VX
so that

dK
Ky %?'I-KO] =PK31+QK21+RK11 +SK01

P, Q, R, S being determinate functions of k), ky, kg By eliminating K,;, K,, K,
from these equations it is obvious that K, satisfies a differential equation of the
fourth order in «; as the independent variable. K, will satisfy a similar equation; -
and hence also K, equal to

AK,,+BK,,

(A, B being functions of «;, Ky, «;) will satisfy a linear differential equation in « of
the fourth order. '
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Secrion I1.

21. If 6, , be the general single theta-function, then

Our()="3 (—1yp™ ik

M=~

809

[This notation, since it is already in use, is adopted in preference to 0{<M>w} which

would better agree with the definition of the double theta-function in (1) and with

that of the “r” tuple function to be given later.]

As is well known, there are three even functions and uneven ; these are

(even) 0y,0()=142p cos 29c +2p cos 4962K—|-2p cos 6wy

(even) 0,1 (x)=1— Qp cos 290» —+210 cos 4x~—2p cos Gw srt

(even) 6,,0(x)=2p* cos w~—-+ 2p* cos 390 i1 2p¥ cos 596——|—

1 . .
(uneven) 20111(90) =2p* sin 902~K—2pz sin 3902K+ 2p¥ sin 5w
and

ST == 1 1)
in/ 0o,1 ()
cnx= /\/ < O1,0(®)
x 00,,(®)
= By,0(@)

dnx= /K 2
) 0o,1()

22. Writing in the definition of & given in (1)
V= e;}% w= 6%

we have the following series of expressions for the 9’s.

m= m=

SPJ+2EPC%—E+ZZQM%—%
ST m®yn? ) dmn g = m&
+2m§~‘.1 Ep q {1" cos qr< +72 >+1 " cos W(K

and therefore

-

5L 2

-I-...

jf>} L (64)
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2's ngwpmzqﬁ{ eos ”<7¥< +¢Z/> 4 cog <WI?<% %2/> } =90 bho(@) —Oo(y)+1 - (65)

m=1 n=1

the parameters of 6 (x) being p and K, and of 6, ,(y) ¢ and A, the same applying to
the other single theta-functions of = and of % which occur below.

9,=2 2 P cos (m+-4) ~-|— 2”? 'S p(m+1>2qn2[ Ot 6og o7 { (m+-1)= +7X}
m=0
+1a"(2m+1))z cos ,n.{(m_l_ )I,n{ 7;5/}:] (66) :
and hence
QmSm ni p(m+1)zqn2 p@nt+De oo W{(Wl—[— ) +’”/?/} +7 —@mt1n 6og 77_{(,,n_l__g)I{ nAJ}]
m=0 n=1

=.91—-01,0(.’12) (67)

32_2 2 qn+-?;)2 COS) (n+¢2) +2 E E png(iﬁl)z{: A2utDim oog ’IT{ X _l_(n_l_%)%}

n=0 m=1

+7~—(2n+])m cos W{%—(n—'—%)%}:l . (6 8) 5

and hence

N=o m=0w

2n§o mzl m2 (n+l)z[,r(2,n+l)m COS 77'{"‘“+(72+ ) }_‘_ —@u+Dm aog 77{ ( +9) }]
=9—0,,0(y) (69).

M=0 n=

33_ 23 3 p(m+§)2q(/z+2‘.)2[7.2(m+s)(n+;) cos 77{ (m_l_ ) + (n__l_ %)j{}

m=0 n=
2t D) cosar{(m—l- ) —(n41 ) }] .. (70).
Similarly

M=o n=uo ha

2 WEI E«;l( 1)"70’”29"2[7‘%”‘ cos 7r< K -|—7U>+7""“2””‘ cos w<ﬂ]?—%l€ ﬂ
=94 001(®)—Ooo(y)+1. . . (71)

M=D =0

23 3 (_])m+ap(m+l)2gnz[ W@+ 1 iy W{(m‘l"g) +'m/}

m=0 m=1

+7“( n+1) anﬂ“{(”l‘*' )f{ K/}J ‘.95*91’1(.%') R o B (72).
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M= M=0w0

'S '3 (—1)”’p""q"**“{r@ﬂﬂm cosW{”—g+ (+3)] ]

m=1 n=0
=@t m gog 77-{- —(n+3)5 }] —03,0(y) -

m—w n=00

2as 3 ( 1)m+%_p(m+%)2 (IH'%)z[‘/] 2(m+5)(n+%) sin ,n-{(m_‘_ 2>K+(n+ ) }

m——O n=0

_I_,r—(2m+%)(n+%)sin,n.{(m+ ) —(n +9)J}}

m=aw N=0w0

) N\
2 ,,E 2 ( 1)7zpmzqm[7,.2mn cos 7T< K +7Ly> +7a—-2nm cos 7T<mfx_%:[i/>-J

= 35— 0y,0() _00,1(?/)+ L.

m=owm n=

;5 2@( l)p(m+%)2qn2!—7.(2m+])n cos w{(m+1)K nv}

+7~'(2’”+”"cosw{(m—|— )% -g}] S9—0, o(x)

e ntipym? (e8| w@utlim o} mx )
93 ﬁo(_l) +]0 (Z( +3) [r@ +m gin 7{f+(n+%)j_\}

+,r.—(2n+1)m Sin ﬂ{qj%m_ (n+%)%‘<}]=310—01.1(y) .

M= MN=00

93 = ( 1)n+%19(m+§)2q(n+§)z[TQ(m+’)(n+§) sin W{(Wl-’- ) _l,_ (n+ ) }

m=0 n=0

Rt D0ED gin g { (m+%) iwi_ (n+%)%}]=9n .

m=o \
2x X 2 (=1 mzqf[w% cos ‘fT( K +ny>+1 = oS 77 < K +ny ]
=915 0p,1(2) — 0,1 (y) +1
2”3: né (_ 1)7”"'%""” (”H‘l)’gn’[,,u&m-#l)n sin ”{(m+ 1) + 9;;/}
m=0 n=1

. 5
+7/.'“(2m+l)n sIn W{(”Z+%)%_%}]=813—€1' ](m) .

m=00n f=od

2 ( 1)m+n+1 m”g(iz+%)2[7.(2n+1)m sih ‘h'{ + (n_l_ Q)A}

m=1 n=0
+7“'(2n+1)m sin 71-{‘74 ( +2> }]='\914~9],1<y) *

811

(73).

(74).

(75).

(76).

(77).

(78).

(79).

(0).

(81).



812 MR. A. R. FORSYTH ON THE THETA-FUNCTIONS,

M==00 A= . @ ) 'Z]l
U VN UNE V] TR YOREY z 1Y
2750 nEO( 1)Z npintiry !: n D cog wi(m-{— 2)K—}-(n—}—Q)A}»

..._7"'2(m+1)(%+§)COSW{(m-l—g)K (n+%)%}]=915- . (82).

From these formulee many other double summations may be deduced : the following
may be taken as specimens.

B I mr . ny =S e mL_ny
8m21 n?.lp q [7" cos 2 (K+ )+) Smn cos 277<K A)]
=90+~94,+38+'912"'290,0(93)—200,0(9)"206,1(37)_'290.1(3’)+4 . (83)

g3 s p<2m+1>%qw[,,4m(%+1> oS T { @m+ 1)z + 2:@} =@t oog o {W(Zm 2y }:l

m=0 n=1 K A K A
‘—'—:'90—'9-4_,—‘—3-8—,912—-290,0(&3)+290’1(£L‘) . ° . . . - s . (84:).
"G @t D @t D) (2” +1y —dn(2n+1) {sz’f __@n+Dy 1)?/}
8m2=‘,1 n§=‘,0 p*q [r COS 1T { G b €08 7\ 3 A
= 0+94“~98—'912"290,0(?/)+ 290,1(?/) P e (85)-
MU e p2en D) @mt 1z | Gn+ly
8 m%o 3‘, P q [7 cos 'n-{ 7 -+ X

: 2 [ (2m+1 2n+1
2 DE+Y) o 'n'{( mg )x__( %A )y}]=30”94”98+312 . (86).

m=m n=w NP 2ma Y i : 2mx Y '
4m§1 ﬂgo p4.«m g()-}--;r) ['12/”(2714—1) cos 7T{ ..K,_{__(n_l_%)_]\;}_{_,}- W+ 1) og ﬂ.{mi{m__(n_‘..%)x}jl
=95 b9—20,0(1) .« . . . . (8T)
£s s p(2m+l)3q(n+%)2[¢(2m+1)(213-4-1) cos o] L)z (97”+1)ﬂ Emt Dz | ged)? }
m=0 n=0 l

2m+1
=t DD gog {M_( 141 H.—:gz—-&e . (88).

M= =D

43 5 Z)(m,+§)zq4m2{:,r2n(2m+J) cos 77{("7%*‘- g)K un@'} e =2@m+1) 5o W{(Wlm]— )_53 _2@}}

m=0 p=1 K A
:—;31-}-.9»9-“201,0(&')) o o . . ’ s > s . » . N . N B (89).
4SS g Ot DD g ﬂ"{(m«]- Ve +§2ﬁ3€%’}
m=0 n=0 L A

. z (2
+1.“"(2m+l)€2n+1) o8 W{(m_*_%i) . .(.—_ﬂ)_‘./},] 31 '&'\99 i (9 O)A
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24. Writing log 7'=2%—I-72 log p’, then

)\, M=o N=w @Cm+p)? @n+v)? @atv)imy (Cmtp)ir r,n+v
*{(s Py h="3 75 (apmp SR SR )

M V Mm=—00 M=—00
@n+v)? (ntv)iry

s

n=—00

2n+v

10gp'> o (91),

which is, in effect, RosENHATN'S definition of the double theta-functions. Taking a
particular case,

so_n_z_ q ' 530, o1 log p)

= 00,0() 4 cos 2y 5{0o,o(w+ log p) + 05, oz — log )}
+q" cos 4y 5 {00,o(w+2 log p')+ 0, o(@—2 log p)}
+¢° cos 6y 5 {00+ 3 log ')+ 0, o(w—3 log p)}
+.
“ig sin 2y ;7 { 0y,o(w+ log p') — b, o(z— log ')}
“+igtsin dy {6, o(w+2 log p) —0,,o(z—2 log p')}
ighsin 6y {0, oo+ log p)— by o(a—3 log )}

+.

Expanding by TAYLOR’s theorem and re-arranging, this gives

9= 0010(90)[1 ~+2q cos 2y 5%—1— 2¢* cos 4y %—l— 2¢° cos 6y 57%+ Ca ]

-

+zlog p do( )l—2q sin 2y 2,A+2 2q sin 4y2 —+ 3. Zq sin 6y 2A_|_ J

no 1 A%0, ((z T N IR :
~+(log p )25—, 7%“‘”[29 cos 2y o~ + 2%.2¢* cos 4yﬂ+32.2q9 cos by 5+ .. ]

e 1 d?8, (»)

~+1(log p FTR [2q sin 2y 21A+23 2¢*sin 4y 2A+33 2¢° sin 6y + ]

+. ..
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The bracket in the first term = 6, ()

A df
3 . second , =—2 @)
T (Z?/
i — (AV 00
33 I thlrd . —_— _<7T> dy2
fourth A\320,,()
bAl 2 53 - dys
h — (2 Y00Y)
29 29 n 9 - i<7T> dy”’ >

the sign heing + if n=4p or 4p+1, and — if n=4p42 or 4p+3.
Since

log 9":%% log p’
.. log p’=g}7{%. log »

Hence

2K A log r d8, () dB, (%) + <2KA log r>91 a*0, ((x) d*0, |(y)

3= 00,0(x) 0, 0(¥) o de dy 2 9N dx? dy? o

ks

2K A log 1*)31 @0,,(z) d°0y,0(y) + (92)

st dw dyt

+(=1)(

ia

which may be expressed in the symbolical form

2KA logr d?

So=e= = @by ()0, 0(y). . . . . . . . (93);

and it may be proved by an exactly similar process to hold for all functions, so that
generally

7\/, __ZKAlog oA
()] { <,u., 5>$, y} —=e = (lx(lye,,,, )\(w)e,,, P(y) . . . . . . (9 4)

the parameters of 0, ,(x) being p, K ; and of 6, (v) ¢, A.

25. The functions ® have already been distinguished by the oddness or evenness of
pA~+vp; this formula (94) enables us to verify the division of the even and uneven
functions given in the table. The latter will be obtained by taking one of the single
@s even and the other uneven ; and since there are three even and one uneven func-
tion @ for each of the variables, there will be six uneven functions ®, obtained by
taking the uneven function of each variable with the three even functions of the other
variable : hence there will be ten even functions, since there are 16 (=4%) in all.
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26. The periodiéity also easily follows. Since f(x) and all its differentials are
periodical in 4K and 6(y) and all its differentials in 4A, we have

2KA log

Of{x+4m’K, y+4n'At=e » dxdﬂ? Ax+4m'K)0, (y+4n'A)

2KAlogr d?

=e w @b, )\(oc) ., p(y)
=®{x,y} . . . . . . . . . . . . (95

giving the two pairs of ‘conjugate periods 4K and 0, 0 and 4A,
27. If K’ be defined by the relation
—-77; log p

then it is known that

6, @+ 4K =p e~ % 0, ()
Hence

2KAlogr d? 2mwix

®{xt4iK, yl=e" = Bup~teT K0, (2)0, (y)

9KA logr dé, d [ e
= K 0,,@0,,() =" P T, (o)}

- <2KA log r>2 517 a6, ,(y) ﬁ{e—g"'éjgm(x)}_ L :'

? dy*  da?

_, 4n, 6, 21 9,
= pte Hﬂ,A(w)[ﬂv,p(y)—;glog y(*/)+<m 1«> 1 P0,0)_ }

20 dy?

g, 22 40, A(2) 2KA log 7 [d6,, ,(y) _4A a0, ,(y) 21 d%0, ,(y)
= d— s P —n e/ — L hed
pe dx ? [ dy ~ m i 1087 dy* + ) 10 ’r) 21 dy? o

Lm0 () 1/2KAlog A0, (y) 4A, & e (g/) 21440, (y)
4 ey A\Y) fs) NS T 12} p PR AV
TP 21( o >[ ap i 87 +( >21 dy? ]

dé <y %Iog 9‘>
_, i 4A 2KA 40, \(x) © e\ T
=pTle K [9M,A(w)0v,p<y—;;¢-10g ?‘)— — logr =" ) d; 4+ . ]

and therefore

: 4A g, 2KA log» dB, i(z) db,, ,(v)
oot iR, gt Elogr | =pmte 0, (0) () —ZELLET L) Lo
OKAlogA\21 @, ,(e) &%, (1)
S = 2! da? T

[$1]

MDCCCLXXXII, M
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that 1s
2wix W
{w—l—~logp, y-{—‘—logv}—p"‘c‘ ©ofx, vl |
Similarly :} (96).
<I>!:70—|— — log 7, J-I——~——10cr q} q‘lc‘z_}u Oix, v} Jl

which give the two pairs of conjugate quasi-periods,
4K 4A 4K 4A
— log p and — log 7, — log » and —= log q.

28. The verification of the expansions in doubly infinite series of sines and cosines
is easily effected : for substituting in (92) the expressions

b,,0(x)=142p cos Zg—kZp‘* o8 ~ ~-|—2p cos -Kl+

Sy

. Y 2y . ’
0y,0(y) =142q cos X+2q‘* cos T—l_ 2¢” cos e

the coefficient, on the right hand side, of cos 7r<7;? 73:) i

(1)

[pmzqnz_ 2mn log ” pm (]n?_l_ manzpmz(ln‘ L. .l

= 2 2jmz qn 2,'4—2;%

which 1s right.
Second proof of the product theorem (23).

29. The product theorem for single theta-functions, as given by Professor Smrrn
(Lond. Math. Soc. Proc., vol. i) is, with the notation of Section I,

2110, ()= 110, \(X)+ 110, 1o (X) -+ (= 1) 0,1, () =110, (0} - (97)
Now, using (94), we have
A, N, o\, __ZKAIcrg*r a2
of (%) o (0 ) v | =0, @) )0, 00, )

and therefore

2(1 log» [¢X 2 [ (H
'H(T)Kx’ p )w, y/} ==e” S fm ctxifv Ay ltn«lm)ﬂﬁﬂ (@), () .. (98)
M

>
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By the values of X, Y we have
d d d d
S I A @
fz,ul“9< Xm+dX2+dX3+dX4>

d d d d d
de,  *? (Xm - 5(—34— (/-X:+ (iX.4.>

d d d d a

L | O T S L A L

dy, 2< dY1+dY2+dY3 +¢/Y,>
hence

da? &? @? a? a? a@? @ d?
doydy, + dx,dy, + dxgdg/3+ deydy,” dX,dY, + aX,ayY, + dX,dY, + a¥,ay, - (99).

By means of (97) and the corresponding theorem for 116, (y), an expression is
obtained for 116, ,(x)110, (), containing 16 terms ; substitute this in (98) and transpose
the operator by (99), and then, by (94), express each term as the product of four @’s,
and there will result the theorem already given in (23).

On the differential equations satisfied by @{C’ 'Z >90, y}

30. From the theory of elliptic functions it is known that if

T o
— 2. .
K= L\/l—xﬂ sin® @
T o
—_
A—.‘O\/ 1—A?sin? @

K, A, k, N are definite functions of p, ¢; viz.:

/\/2_?:1-|-2p+2p4+2p9+. -

2;A=1+2q—|—2q4+2q9+ .

= 20+ 2p8H 2p% L L
1+2p 420 + 207+ . . .

- 20 42084 20% 4. . .
V= q {{‘*‘ q 9+
14294294 4+2¢°4 . . .

Also K, « are given each as a function of the other by the respective differential
equations
oM 2



818 MR. A. R. FORSYTH ON THE THETA-FUNCTIONS,

A*K . 1—-3«2dK
(1 )d/cz_l— ———K=0

£ dk
d*c  1—3k2/ dx\? dr
—_— 2 - (=
S <dK> +K<dK> =0,

so that x may be considered known, and likewise «’, E, given by

Wr?=1, [ V' 1—i?sin® 0 dé.
Similarly if

N2\ =1,
= [/ T=\Tsi 0 o,
0
N, 1" may be considered known.

31. It is proved in Cavrey’s ‘Elliptic Functions,” § 810, that the general single
theta-function satisfies the differential equation

%0 ” E\dO 0 .
Lﬁé_ng(l{ > +2 =0 . . . . . . . (].OO)
and

so that (100) may be written in the form

d29 2k’ dK  d6 d9
A2 T K de dz+2 =0.

Differentiating s times with respect to x

& &0 2 R d 40| el dK @0

d a0
da? da K dr d-/U dw‘+ K de dat QKKd das ™ =0 . .. (101)

Now the general term in ® in (94) is a numerical multiple of

W= <2KA log r>3d~‘0(m) @0(y)

7? dot dyf
or of
a0
V= K dost

so far as x, « are concerned. Then

Ay 2k’ dK d«k
PRI =Ko [first two terms in (101)]
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and
D _ g 4 @0 s dK &6
dk die das K dx da*
Hence
P | 2 cZK dq, o
da? + + dre =0

and therefore also @, the sum of the terms 1, satisfies the differential equation

2 2 d
@D | 2 dK P @0‘.”_"'(102)

PR QPP

or restoring the usual coefficient in the second term

aA*P (lq)
Similarly @ satisfies
) P P dCI)
o y(}& )‘ FONES=0 . L L L L (104),

or
AP 22 dA dd
dy A a? dy

2! (05) -
+)\d>»0"""<103)’

and from (94) it at once follows that

2KA d*®
7 d’)’ s CZJLCZJ =0 . . . . . . . . . (106)

32. All these equations can be deduced from the general definition of ®, viz.:—

m=m  N=w0 @um+u)? @Rr+r)2 Qutp)2r+v) ir z v
ez {(Zm-l‘p.)K+ (2n +v)K }

d—= 2 2 (_1)7114\+an) ©oq v )

M=—=0 N=-—0

The equation (106) is obviously satisfied. Consider the general term in ® to obtain
(102); it is a multiple of

(@mtp)? urx(?m +u)

the coeflicient being independent of x, x. Now
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v (2mo p)r?

der— 4K®
du__ (2m+ ) y tme(2m+ p) dKu
dp™ dp T 2KE dp
and
dv, _ima(2m 4 p)
P 2K ¢
Hence
1_7710_ I_{f duw 1 dK  du 107
= "wpdi RKadp w0 - (107)
Also
K’
p:e‘"i{‘
_ldp e X dic

pde 4 K2

;K,lz@{—KE'—K'E+K-K'}

a?

= Qer’?K?

Multiplying (107) throughout by @ and substituting in the first term on the right-

hand side the value just found for lg—, we have

du 1 d 1 dK du

dk 2k’ de® K dx (Zaﬂ

and hence @, the sum of the terms u, satisfies

P | 26 dK dD s AP

i TR ey Ak =0

which is (102). The quantity % may be explicitly expressed in the terms of p as
follows. We have

0 ,0< 27r£>._1 —ptl—ptl—p° ... (142p cos 2x+p)(1+2p° cos 2x4+p%) . .

(=" )

vis

and
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Writing w for Tr"x and taking logarithmic differentials

—1 1 2K dbyo(w) psin 2z 2 cos 2 n
Y000w) ™ du T 14+2pcos 2e+p* ' 1+ 2p8 cos 2w+ps T
i P Vi 2 -
= 2
o w[l"'zp 0032x+102+1+2]03cos 2-’0+296+1+2p5c0s 2w+p10+ K l

Differentiate again with regard to «, and then put « zero :

-] () =l a et ]

But by (100)

a0, 0(@ _ /gdeo, 0(0),
da? = 2K
=266 A/ 50k de
Hence
ke’ KdK _ p v
g dx_<1'+p>2+<1+p3>2+<1+p5>2+<1+p7>2+

so that now all the coeflicients in (102) are known explicitly in terms of p.

On the constants.

33. From the definitions of 9, ¢, we have
co=142p+2p*+2p"+ . . . +-2¢42¢"+2¢"+ .
NYATIP A A
ot a(t e (o )+ ()
s s orat)e |
+...

with similar series for ¢, ¢y g, €4 €4 Cgy Gy €13 €150 Substituting these in the complete
set of sixty equations of which (41) are the type, there will result algebraical identities
in three quantities p, g, » (mutually independent), corresponding to identities in the
“q-series” in elliptic functions, As an example
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[1 +294-2¢" 42"+ . . . +2p {1+q(¢2+§2>+q4<7~4+ ;,1-4>+q9<v"“+§¢>+ e }
+2p4{1+q<9n4+;14>+q4<7.s+%>+q9<¢12+;%>+ L ]r
+2p9{1+Q<746+7%E>+q4<7.]2+7%5>+ e }+. . T

=2 {1t (o (o )+
+2p* {1+q<7“3+%g>+q4<7""+36)+99<"""+$9>+ o }
+229"?5{1+9<"°5+}5>+9*<7“10+%6>+99<7‘15+7%>+- - }+. . ']4
+[2g*{1—p<7'+%>+]94<7”2+%2>—Pg<7“3+;g>+ . }
s fimalpet)erleat) e |
+2q%5{1—_2?(7'5+7%5>+P4“<T10+:To>;"109<7ﬂ5+%g>+ . }—l— . -T
+[1—2q+294—299+ . —219{1-—q<7"9+}2>+q4‘<’f‘*+;ﬁ)—99<¢6+1“

oyt {1=grit ) (o )= (o )+
—2p° {1_q<7.6+%6>+q4.<7.12+9%_2>_qu<7,1s+;i_é>+ o }+ N }4

Also equations (42), (43), (44) give expressions for «y, ky, &g, In terms of p, ¢, r; and
other identities are obtained from the equation (&)—(ie).

34. Let k’=c¢, K*=¢"; then 6 being any single theta-function

d*o

dad d0
where
p—=c’ E__ 2 dK
“CTRTTK @
B=dcc¢’

First, let 0 be one of the three even functions : differentiating 2n times with respect
to @, and then putting « zero

d2n+2g 4 ad%e d Cz‘lngﬂ_~
da'.02n+2 n

==
da de do, >
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and therefore
1 d*n+29 2n dK d*8 d d*0

ded’ da, w2 K de day de day™

&l n_ci . nflﬁg
=—K=2 - K ™
that 1s _
K2n+2d2n+2€.—< ’K2 >K2n
d$02”+2 x 2
=<—4co'K2%)" 80) . . . . . . . (108).
Now
sk %
‘90,0(0)=<;;) K
6,,1(0)= <—7;_>%K*C,}
01,0(0)=<7—2T>éK”*‘c*

and thus, by (108), _
ReoLoo _1)n(_2>’ 400'1{21)”1{% C .. (109).
Lol C

E 7
o (2ol L

(4ecr2L )Kso%. R (e )

Similarly, if M=y, 3=y,

g 2\} dy . .
Ry 3730—(—1)01(;)(47,,,1\2@%9. N ¢2T
27&%—_ n_g§ 4 giu,}/;{
ayen = (1) <7T Ly NP AL (113)
92
A%dyem_( 1)<><4W/A2__> Aﬂy . (114>.

Next, let 6 be the uneven function; differentiating the equation (2n-1) times
with regard to « and putting x zero

d2n+301 a1 d2n+101 1 d2n+191 1
dx 2n+3 (2'ﬂ+ 1) dm02n+1 +Bd0 dﬂ' +1 0

MDCCCLXXXII. O N
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and therefore

1 dnse, 2n—l—1 dK dov+ig, | _a Fg,
oo’ da i = K de da, ey de dafr
2 t30 16, ,
3 L1 / 2 2 1
K%+ dx02n+8 4CCK K”+ d-fb 2n+1
that is
19, | d\" df
2n+1 3 - 2@l Y
R ( —4cc’K dc)K o
Now

%01,1<2Kw> 2pt sin @ — 2p* sin 8x+2p¥ sin bx— . . .

™

(115).

=2p (1 —p)(1—p?) (1 —p%) . . . sin (1 —2p?cos 2 +p®)(1 —2p* cos 2x+p?) . ..

Hence

E@ﬁl_% —_n ! b 3
b dmo—p{(l ]0)(1 pH(1—p°. ..}

3
— (2) 10%0'%1{%
mw/ T
Thus (115) gives

S N e ey

Similarly
dant

Atl 2nn+-1 _( 1)u+§< ><477 A2— ) %,)/%A% L.

dy,

35. Another form may be given to several of these formule. Let

log p=p’
log g=¢’
2 log r=7

Then
ap’ _ldp__ m?
de ~ pde Qe * K>

and therefore

d
ot @
400K -—77 .
and
d
20 _
47')/A —wdg.

(116).

(117).

(118).

(119),

(120)

These formulse practically contain the expansions in powers of x of the single theta-

functions ; restoring «, «’, these are
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Kz 2\, 22 dK: ot KP4 3K B
Ol o )= ) 1~ T o5 7
T ) | 20 dp’ " 4! dp 6! dp
Ko\ (2V[, oy @ d(K’K) | af B(K)}  af B (¢K)
00’1<7r>_<7r> L_(KK) 21 dy 41 dp® T 6l d@pP + ]I
0 (g_x (2 "( K)'— 2 d.(kK)} | ot @ (eK)' 28 B(K) re (121,
bl )T\ ) L 21 dpy T4l dp® "6l dpt +}
1, (Ka\_ (2N, oo ab d(/c/c’K3)* @ A2 (ke K3)} 7
01’1< - >—- <’7T3> (KK K ) L — dp’ +g_!‘- dp/g - .. .J

Expanding the cosines in the right-hand side of

0,, < ) 1+4-2p cos x--2p* cos 2oc+2p cos 3x+- .

and equating coefficients of «”, we obtain

S 1 ok 14n9 N,n16 h
=(2m){ p4"pt4+9"p°+ 167p104 . .}

dp/n

which is easily deducible from
(2K> =1+42p+2p*42p°+ .
and so verifies the above expansions.
Similarly roo (122).

d"‘f{;,f,{);(%)%{—10+4”10‘*-9“109+16” P—

e (s |
L

36. By means of the same formula it is possible to obtain expressions for all the
constant coeflicients which arise in the expansions of all the s in powers of « and .
Since by formula (4)

(e, Y)=3(—x,—y)
it follows that

1
S=Cy— ‘[(Bo,m By, 1» By, o X, )+

1
A+ N No Noo - No -, Nop X ). . . (129)

where
7 d '9'0 .
(— 1) NO: d,(. ﬂn—?dy

b N2
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the zero subscript in the differential coefficient implying that the variables are made
to vanish after differentiation. Now

KA dby,, 6y, + KA\ 1 d?,, d*0,,,
™ de dy 20 da*  dy?

So=0p,0(x)0y,0(y) —

2

Remembering that an uneven differential of an even funection is an uneven function
and that an even differential is an even function, we have

(— ]_)nN _d2n—2390’0 d2s(90‘0 1 <¢’KA>2d2n—2s+200’0 d2s+290‘9

0,28 n—2s 2y 28 91 o n—2s+2 25+2
" de® dy, 2! dax, dy,

KA =20, , d*+0,, 1 (T'K A>3d2n-—2s+290'0 dn+ig,

(—1)nN WHIT T 2 %42 91 2n—05+2 e
h | T dmon s dyos 2 31! dmon s dyos

w2

e

Let

2 7«’2‘ d2 71’4: d{\
Al—;r[]-—l-z_! dp/dq/_l__!_dp/gdqig_l_ .. ':,

2 @ \E

_;cosh[o <dp’dg’>J' e e e (129),
9 7./2 d2 ,r/»i d-i

A2‘7}[1 30 dp’dg"l'é"z T ]

=t gsinh |2 ) ] 125
_..m’/( 7 >§Smlqﬂdp’dg’ Coe e e (125).

dp'dq’

Then we have

c=A.KWA* . . . . . . o L L (126),
ar \ 2=s) / -\ % dn
N (e) R e - 0
and
2 RAS r\a—=8) [ qr\As+])  Jutl L
N, gs01= Jr; <R‘> <K> WAQK“A“ ... . (128).

The remaining formulee are obtained by an exactly similar process and are as follow.

1
31=01_“§!(B1,0: By, By X, y)*+ . ..

(_l)n .
O N Ny Ny, Ny g (120),
where
e=ALKIAY . . . . . . . . .. (130),
ar \ 26e=s) [qr\ 2 dr
N1’28—<—K> <K> Wcl. T T (131),
and

KA \2—s) [ qr\ As+1) dntl Ly
Ny o= v (K) <K> g]—JT’;:“dg"**lAQ'K oA . ... (132).
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1
92=02"§‘,(B2,0: B, 1, By oY, .7/)2+ s

-1
N N Nos - o Na o Ny, )

where
02 = Al' KEA%')’% .

ar \2e=3) [qr\ % dr
Nz, 23= I{) K) dp/n-3dq’sc2

’K A/ \ =9 [ g\ Us+1) dntl R
Ng, 41— ’71'2 <K> <K> é.lp’”’“dq’“‘lAz' K"J‘Aa,y«

and

1
'93=03—§(Bs,0» B; 1, By o, v)*+ . .

-1
( ) Ny Ny Ny Ny Nyo X, )

where
cg=A KAl |

N . 2(71—3) dr
BT <K> ( ) dpr=dg’s

KA [\ 6= [qr\ As+1) dntl
= = — - 1AL
N312~?+1 2 <K> <A> dp/”_sd ,3+1A2 K C .A. ’)/

1
'94_—'04.«—57(34.0; By, B, Xz, y»+

1 . ;
( (=1 Ny Ny, N+ o Ny Ny X, )4

where

C=ALKAY . . . L L L,

AUn=s) [mr\ 28 ar
Noo=() " (3) e

PRAS\en=) [\ 2s+1) il N

827

(133),

(184),

(185),

(136).

(137),

(138),

(139),

(140).

(141),

(142),

(148),

(144).
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1 , 1
,23'5=0590+" 54 '—g‘,(os,o» 05, v Cs o 05,33[9"; ?/)3+ .

(=1

+z +1 1(P5,0’ P5 1 P5 Qv ey P5’3, e oy P5127,+1I{E, ‘y)g”*-]-l" PPN . (]45),

where

1 1 /1 3 AL
=i-{-A1.c?c*KfA“. Ce e e e e e (146),

KA\ AR -
(35:7;7—7_—A2.020/eK5<T> a (147),

A
1 2An—s) dar ‘
P5,23—R‘<f{“> ( ) WK 5. . . ... (148),

ar \2=9) /qr\2  n 05/
Ps o= KA<K> <A> I RA (149).

1
.96=06_'2—1(B6,0: By, 1, B oXw, )*+

_1)n ) n
+( 277/! <NG,0’ Nﬁyl’ NG»Q’ ot NG,S’ e NG,Q"Iw’ y)2+ v ' * (1‘50)’

where
Ce=ALKicH*AMWE . o o . . L (151),

N 2n—s) ar »
6,25 = <K> <>W(152),

P RA f7r \¥n=8) [qr\&As+D) gl
= T A KW
N, o541 ) <K> <A> dp’”—solg’3+lA2‘KC At 0 (153).

1 , 1
5= ote 79““3_!(07,0: Cr Cro CrgX, 9)°+

1
2(L+;,< 2o Prp Prg oo Pro s o, Pron Y ) L0 (154),

where

=%A1:cic’%K%y%A% N ¢ L 1) 8

1/ \2n—8) [\ 2s dr
P7,Qs—i{_<ﬁ> <K> WK%. e e e e e (156),

. KA ey ™ A}
C7=?—‘A KAQ % P (157),

a\ 2= [qr\ 2% (I 07/
P7’2“*1—KA(K> <A> df KA ¢ v+ (158).
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1 o
98=08—5(B8.0> Bs 1 Bs,zIw: y)z'l' o

—1)
+(_-)—(N8’0’ N 1) Ns:i’»’ e NS,S’ CICRE N&Qn Ly 3/)%+ “o

2n1!
where
cy=A, K} IA}

N ar \ 2n=s) /g \ 25 Janr
w=() () g

KA <7r >2(n—s) <.,T >2(s+1) -+l

NS, 2841 = 7r2 K - .d__p-,”:‘gdq"""l Az. K%,y/tAjlx

A

1
'99'-:09""2_1(]39,0: B , 1o B9,2I90: ?/)2+ ces

—1)» -
+( 27%!) (Ng’o’ N )19 N9,2’ ten Ng,s’ e NQ,%I.’B’ ?/)%'I" PRI

where
Cg=A,. PRIy IAD

N, — ar \R—s) [ 77\ 28 dr
9,98 K A dp/n—sdglsc9

PRA [\ =9\ As+D)  gu+l s
Nogen="7% (ig) <K> Gpridgita Ky AL

1 , 1
7 Ho=01%+¢ 109—3?] (010,0» Cu,1 Cio,00 Cyo s Xz, ) e

(=1 | |
+2n+11(P10,0a Plo,l’ Plo,z’ LA Pm,s, AR P10,2N+13[w’ y>%+]+ ..
where
»KA 2 o/ m\RKE
0= Ay W(K) ap’

1 , s
c’lozxAl.y%'y IKiAY

2n—s) [ \2%  n c
P, .= . ( m 10
o KA( ) A/ dpdg® KA

1 /o \¥=8) / r\ 25 a
P 10,2s+1=K<K> <X> WAC 10

=

829

(160),

(161),

(162).

(163),
(164),

(165),

(166).

(167),
(168),
(169),
(170),

(171).
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1 , 1
;-'911-:(’11904'011?/"5(011,0, Chnp Gy Oy X, )kt R

b

2n+1|(P11,0, Py, Pyo.oo Prs.. o Py, s, y)Q”H"I' .

»”KA , d.c*K?
‘WET A, 77¥A%< > dy/

where

, 1 / :

ar \ u=s) dr o
P 11,28 KA<E> < A) dp"=sdg” KA

1/ ar \Ru=s) [ o\ 2s dr
P11,26+1=K<X> <R> dpfn—sdg'sAclll

1
812=012_é_!(312,0’ Big,1 B, W+
1
+(2n') (Nigos Nig1s Nygyoy o v oy Nigos oy Nig o, )+

where .
/.
Cp=ALCKEYIAY L L L L

ar \2u=s) [ qr\2  (»
Nuw=(x (K ap-dgs 2

RN \o—s) [ e\ &s+1) dr+l , ,
N12,28+1"' Juir (K) <K> dp;”‘s dg'“‘iAg ¢ Ky AR

1 , 1
2313=013w+c 13?/—5(013,0’ Cis1 Cus,0 013,3190, y)* 4

(=1 W1
o (Pl-s,o’ 180 Pige o o5 Prgss ooy P 00X ?/) SRt IR

Zn + 1!
where

1.
—_— 10K END
cls—KAl'Cc KiysAs .

, P KA , m\2dy Al
=" A,.ctc §K%<K> _@'—

p 1 An=s) B qr
13,23 K( > (A) dp’1t—adg’sK

2n=s) 2 gr 4 18
P13; W+l KA<K> (A) dp’n—-sdg’s KA * ° *

(172),

(173),

(174),
(175),

(176).

(177),
(178),

(179),

(180).

(181),

(182),

(188),

(184),

(185).
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1 1 .
;'914=C' e+ 0’149"5} (014.«,0> Ciy1s Cio Cuy s Xz, yP+ ...

1
( L (Pray0s Prais Prgas + o o5 Prygor o o o0 Prygue X, 9)> 14 . .. (186),

2 + 11

where #KA s A 24K 187

014,="7r’2-A YA K o ( 8 ),
;1 "
¢ 14=KA1-C*K%'}’%‘)/ YL (1 88),
2n—s) 2 ar ey
P14n QS—KA<K> <A> dp/n_sdg/sAI{A . . . . . . (1 89):
1 An—s) 2s dn , .
P14<, 23+1=A<I_{'> <A> dp/n_sdg/s AC 140 ¢ N . . . . (J. 90)0
Lastly

1
:915=(715—'2—,(B15 o Bis,u By X, 9)?

271,1 (le o Nig'ps Nyo oo s Ny oo oy Ny 0, y)+ . . . (191):
where

7’ 1711 348 ¢
o= A Ch Y KIAY L (192),

ar \2u—s) [ qr\ 2s dar .
N15,23=<K> (K) Wcm e e (198,

1 2(n—s—~1) ar\ 28 dn—l " 1
Nis,2001= KA<K> <K>W LI L L (194).

37. The formulze (42), (43), (44) give expressions for kj, k,, ks in terms of the ¢'s;
and therefore, by the preceding, all the «’s of § 13 can be expressed in terms of K, A.
In fact, we have

(ALK x (A, KAk 1
T AL KIAY x (A, KiAly)

, (195)
(ALK x (A, KEAK )
MIT AL REAY x (A, K AN J
(ALK x (A, KA )
2 T K AR X (A, K ARy (196)
o (O KAL) x (A, TNV |
2T (ALKIANY x (A, KIANH) J
. — (ALKEARH x (A KiAdhyY) )
3T (ALKAAY x (A KA
1 )X (A, 7% (197)

(AL RIAN x (A, REAN )
3T (AL KA x (A, KEARYY) J

~

MDCCCLXXXII. 2 0
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(ALK x (AL KEAR ) x (A KAty

K3_7r2 (AL KIAY x (AL K A3y x (A KAy (198)
7 (AL KEARY) x (AL KEAY) x (A, KEA iyl (199)
Tt (ALKIAY x (A} KEAk) x (A KEARy)
K 7 (ALK x (A LKA ) x (A KEA eyl (200)
17 g2 (AL KA x (A KA x (A KA ‘

Secrron IIT.
The Addition Theorem.

88. There is no addition theorem proper for the theta-functions, but the product of
a theta-function of the sum of two variables by a theta-function of the difference of
those variables can be expressed in terms of the functions of those variables. Thus
with the previous notation for the single theta-functions

05,1%(0) 0y, 1(w+v) 0y, (w—v) =0, /()0 *(v) = 0, *(w) 0, *(v), . . . . . (201),
65,1°(0)0,, (u+2)0,, 1 (n—v) =0, *(1) 0, *(v) = 0, *(0) 0y, *(w), . . . . . (202),

00,0(0)00,1(0) 01,1 (u ) 6, 1 (w0 —2) =6, 1 () 6,1 (1) 01, 6(v) 0y, o(v)
+00,1(9)01,1(0) 0, 0(w) O 0(w) . . (203).

QILQ%LO_)__ 00,12(0)___ ’
b= 550 ="

Dividing the third of these by the first and substituting for the s, there results
the ordinary expression for sn(u4w) ; and the division of the second by the first gives
sn(u4v)sn(u—v). The object of the present section is to obtain, by means of the
theorem (23), the complete expression of the sum-and-difference theorem for the
double theta-functions ; it wiil be given by 256 formulee similar to (201), (202), (203).

39. Some abbreviations in the notation are desirable ; in the subsequent formulwe

® denotes Y(x+&, y+7), W!
O a Se=Gy=aoL g
'9‘ 29 "(}(wﬁy)’ ]l
0 2 "9(5:37’)’ JI

and, in order to simplify the first forms which are obtained from (23), some subsidiary
equations are necessary. For example, writing down equations similar to (i)—(x) in
Section I., but involving 679® instead of ¢%9% the following simpler relations are found
to be their equivalent and include (31), (32), (83) as particular cases.
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00°30"+0;> 95° 40,291, =019+ 0 9¢° +061.°9,,° 1
00°30"+ 016°910"+ 015°9:15"=0,295°+ 0> 95° + 01579,
05>3¢*+ 0,7 9 7+ 01°91°=05292402 95 +05° 95°
0029024‘ 952 952 + 01129112-: '932'932+ 042 9,7 +05° '992
05°3¢*+ 011°911°+ 01,2917 =0,29,° 4 05 957 + 0157915
05°3¢*+ 07" 97° +615°915°=0,°9,°+0,% 9,* +0,,°% 15
0,°9:°+05° 96 +011°91,°=6,29,°+ 07 37 +05" 95
01°9:°+ 0.2 9% +010°910°= 02940, 9> +0.* 9
029405 99° +0,,°91,°=0974 0% 95° +0,,°9,5
0295+ 0112911+ 01,2917 = 0297+ 0197915+ 0)5°9,5° )

(205)

Then by (23) we have, for instance,
4015°0130"15= 090"+ 0,292+ 029>+ 015°915°+ 05> 957 +0,29,°+ 0,129,740,
— 0292 —= 0292 — 0, 9y — 0,29, — 029> — 05° 95° —010°915°— 0,4°9,4°
=4(0,5°%15°+ 01,°91)° — 0107915°— 0,579 15)
by equations (205) and therefore
€19°019015=0,5"%15°+0,,°91,° — 015°910"— 0,5°%,°

which reduces to an identity when £, 5 are both zero. Another similar set is

05 95° +05° 97 +65° 9% +0.° 9,2 =02 95 +0,7 97 +6,> 95 40,2 92 )
00> 95> +0.7 99* +05* 9,57+ 0,29, =0, 95 +0,° 37 +015°99° + 0179,
05> 9157+ 016°915°+ 0% 919"+ 0,,°9,.°= 015295 + 6,529, + 6,,295* +6,,°9:7°
05® 9157+ 012917+ 0, 92 +05° 957 = 0,29 +0,29,°+0,2 9,7 465 9°
05° 95* +0,5°%" +05° 96 +0,,.29°=0;7 95 +05 9,57+ 05 95° + 6,9,
0% 95° +0129° 40 95° +0,529,°=0 9¢° +6,,°9,,° +6,> 9 7 01"
0297 +0,29 007 9,2 +0,29, =02 92 +0,29,2402 9.2 +629,7 |
0179 +0,2 9)* +615°95 +0° 3 =0, 9,7+ 0,2 9,2 + 65> 95746, 35
015°3* + 05 95 +057 3 +0,°91°=105" 9>+ 6> 98 +6,° 9,° +6,.29°
01°%6* +05° 96° +0,5295° +057 9,2 =0,> 9,.7+65> 95° +65> 9,57+ 6,* 957
05® 91574057 9% +0,% 9,7 +0,,°9,2 =019 +0,7 9> +6,* 9,° +6,.°9,°
05> 95* + 0,295 +0,* 92 +0,29,°=0 9¢° +0,°9,.7+ 0,2 9. +0,,%9,, J

(206)

and by means of these we obtain, among others, the result
5’03013 =0:"9,°— 0 157957+ 00 °9,° — 0,29+,

which as in the previous case reduces to an identity when & % are both zero. A set
similar to the last, and likewise necessary, is
' 502
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0 35° +0,,°3 + 0,297 +0,°9° =0 98 +07 915°+ 0.2 9,7+ 0,° 9102\
05 95" + 0% 915 +011°9° +0;2 9,,°=0,2 37 40,23 +0,° 9,)°+ 0,295
0% 91174052 9157+ 07 9157+ 057 95° =0,)29,% +0,,°97 +0,297° +6,2 97
0,5%97" + 057 8¢ +0,292 +05 $*=07 9,7+ 057 957 +0,° 9,7 40,°9°
07 $12° 40,2 9124052 357 +077 915°=0,29" 401, "3, +0° 95 +0,5°9,
0,2 91.°+ 0,297 +05 99 +0,,° 95°=01"9> +0,29,° +0,> 95 °+67 9,5° L
0,5°%¢> + 0,7 95 +0,°%° +0,2957 =052 9,57 +0,° 38 -0, $°+0.> 9,°
0 915°+0,5°95> + 05> 9 + 0,297 = 0,235 +052 9,57 +057 957 +0,7 9,5
0,2 917 +05° 9157+ 98 +05° 05 =029, +0,°%° +07 35° +0,* 95
0% 917401579 + 07> 9157401297 = 0,297 +05 $°+0,5°3,* +05° 9,5
0,9°36° + 015297 +0,29,7 +0,.°%> =052 9,57+ 07 9157+ 0.7 405 9P
05 957 +05 95° +0,,29,° + 0.2 9°=0,2 93 +6,° 95 +0.° 9,7+ 0,79 )

The equations necessary to reduce the forms first given for such expressions as
CoC4®,8’; will be found at the end of the sixteen sets, each of sixteen equations.

40. Fmst Set, with @',

ety O ®'y=000y 3 %540y 67 % 3y 010010916910+ 0150159155
ey ®) O ,=0,0, 9 g+ 05 0; 94 35 —01401,95 Iy —01015%9%3
€103 By ®/0=0193 32 '90"‘95 97 '94 '96 +09 (911'98 310—013015312314
010y O3 8'y=0,0, 93 y+0, 0; 95 95 +05 Oy 910+ 015014919915
€50199,, O’ =040,9,4 Y5+ 010601499 35 — 0y 01591 I; — 01101595 %4
€10, ©; @=0,0, 35 3,40, 05 9, 94 + 0100194+ 014011%10%5
CC15®5 ©'y= 040,59 S+ 0, Oy 95 91, — 01501194 Iy — 03 05 $10%
¢165 ©; ©'y=0,0; 97 S0 0, 0, 91 6 +010015%1%+ 011019910%3
40199 ®/0=9@91238 '9‘0+‘95 61339 31 —06 '91492 910_07 91533 '911
0501509 ©'y==0,0,;% $o—0140; 35 91 +0; 01,9, 15— 05 01991995
0aCs B198' =050 910% 40190 35 9o +0150; %5 91505 0,59, S
¢35 01,8 ,="0,05 91,9+ 01,9 95 95 + 05 0149 915405 01595 914
€05 01,0 0=0,05 $19%,— 0, 01395 Iy + 05 01095 91— 07 01195 945
010190158, =0,0,591390+ 0130 91 95— 07 013 S11— 05 01197 9o
040190140 0= 0401091, %+ 0140, I3 S19—05 01197 Iy — 0 0y 5 911
ey 0130'= 0,0,y 9159 +0; 01591595 +0, 01,9 S5+ 0; O3 9 9,
KONIGSBERGER, in his paper already referred to, gives a set of sixteen similar equa-
tions expressing the sixteen functions ©,0’; in terms of products to which the above

are similar ; but the constants on the left-hand side are for the most part different
from his, with the result of making the combinations on the right-hand side different.



PARTICULARLY THOSE OF TWO VARITABLES.

41. Secoxp Set, with @,

C05 By 0'1="0,05 90 9, —05 6; 9,95 —0,001,95 9 +0,40,5%10%5
010, 8 01=0,0, %1 $,—0; 0; 9,9, 401101191197, — 01501591595
Cols Oy O, =005 39 9, —0; 05 397 +05 01,99 10— 015014919%5
oty O3 ©'1=0,0, 9, '91+04106 537 405 0103 911 40130,59159414
€305 Oy @', =050 9, 91— 0, 0, 959, — 0,109 $15+010015%5 913
CoCg O 01 =005 5 9140, 05 9995 —0,401,99 $15— 0y 01591094
cics O 0'1=0,0; 35 91— 0, 05 9,9 +0,,0,5% 91,— 0,560,095 I3
CoCs By O 1=0005 95 h+0; 01 903 +61,015916%15+ 010019911915
€ty B =000y 5 9, —03 009591, —0, 01595 $15+0; 0,9 95
CoCs By O =005 39 91 —0; 0,959, +0; 0139, 91,—0; 6,59 9,
¢scs 01001 =0:05 9,09+ 0,00, 9,95 — 0 0,59, 91,— 05 0,9, 91,
C3Cy 01,0, =0,05 91,9, +0,,0, 9399 —0; 6,597 915—0; 0,595 95
€iCy ©1901=0,0y 3109 — 0y 0,39595 —0; 6,,9¢ 91140, 0,9, 95
€0C190130"1=0,019%15% + 0, 01599 15— 0, 01,94 910— 0, ‘91037_911
€0015010"1=0,0,5914%1 + 0140, 3091505 01094 91,— 0, 01195 96
c4Cs B150"1=0505 9159, 405 01199915+ 0, 61,99 7 405 0139, 91

42. THIRD Set, with @,.

0105 Oy ©'y=0,0; 33 33— 05 0, 9,9 —0, 81,95 $104 0130159199,
CoCs O O'y=0005 91 95-+0; b5 9,9 —05 01195 19— 01301,910%;
CoCy O, ®,2= ‘9292 3 2 3 ot 7 5 05 3 59 5 7 010‘910'9 109 107 013‘913'9 139 13
¢l O3 O'y=000, 35 I9+0, 05 359, +0,001,95 9 +0,4015919%15
€0 Oy O, =0,05 Iy $5—05 05 9,9 — 01001595 91401101599 915
€105 ©5 0°,=0,0; 35 9940, 05 9195 —0,00,5% 914— 0y 01,910%5
CoCy O ®'y="040, 95 I,—0 105 9397 +01001495 91— 01101599 915
0104 Oy O'y=0,0, 3, 9540 05 9,94 +6110,,%5 S134+05 015919,
¢y Og O'y=0,0y 95 3,— 0, 0,,9,9,0—0; 0,39199 +0; 0,59, 9,
00 By Oy, ="0405 3y 99—0, 01191910+ b 6159y $15—05 0,9, 915
ciCs 100, ="0,05 193540, 0159095 + 0 01595 915405 0,39, 945
coy ©118" =000y 91199+, 011909 +0; 0195 919+ 05 0159, 9,
CoCs 0190y =0,05 9,9, —0; 0,59 Yy — 0y 0149y 3 10+65 01191 S
030190130, =03015%159 + 0y 0,595915— 05 01094 911 —0, 61195 %19
chm@m@,z: 0001991492 + 0y 01.9¢%12— 01107 35 99 — 05 6y 91,9y

€1019@1;0°5=0,01391;%+ 01105 9595 407 61094 I +0, 01595 9,
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43. FourrH Set—with 6.

€10y @) @'3=0,0, 9, 9;—0, 0, 35 95 — b5 0,199 319+ 0136191095
CoCq Oy @3 =000y 91 I3-+0, 05 95 97 — 05 0,099 99, —0,30,591991,
CoC1 By @'5=000, 99 93—, 05 95 3y +0,06,,95 99 —0,,0,5919915
€35 @y O3 =0:0; 95 95— 0; 0; 9, 9; _‘911911'911911+‘913913913313
€105 0, 0'3=0,05 9, 95— 0, 07 35 95 — 0,160,599 91440401395 91
¢oCq 5 @'5=0005 95 95+0, 03 95 35 —0,,0,595 914— 05 0,491,915
€104 O 8'3=0,0, 95 35— 0y 05 95 3y +4-0,10,,99 31— 000,595 95
€4 Oy O'5=000, 9 35+0; 03 9, 94 +0,40,,9 315+ 0y 013014
CoCy By O3=0,0y 35 93— 0, 01,91 19— 0; 0199 915+ 0; 01494 45
00y Oy O'5=0,05 39 93— 04 0,691 911+0; 01395 35— 0, 014 9595
€105 01085 =0,05 9109340105 9, 95 —0; 01495 91— 05 0159, 914
¢ty 0110’5 =005 91195401105 3 95 05 01395 $1,+0; 01495 S5
0001301985 =0,01591995— 05 0109 99 — 04 01,97 I +05 01495 S5
€30190130 5= 0501991395+ 0; 0,395 15— 0; 01191094 — 0, 01695 91y
€409 01,075=0,05 91,95+0; 01,94 39 — 04 01597 91— 0 0,9, %5
€00190150 5= 000159159510y 05 91495 +01,0; 94 95 +0; 0149, Sig

44. Frrra Set—with @/,

€190 0y = 040,49 J4+0101495 95 +0; 0159, I +911915~93 Y
3 Oy @,4=9396 31 Kt 62 ‘97 Jo I “"911014'99 912""910‘91598 i3
CoCs Oy O, =000; 99 94405 059, 3y 401001595 14+ 01,015% 945
€105 Oy 0, =0,0; 95 9,0, 0y 9y 35 01101599 314+ 01001595 S5
¢,Cy Oy ', =0,0, 94 34— 0, 67 3y 3y —0,30,5915%5+0,,01:91,914
¢ty 05 07, =000, 95 947405 0, 99 %1 + 014615910911+ 01001191455
0103 6 ®/4= 61‘93 '96 '94— 05 97 '90 '92 "913‘91538 310‘!"99 911912'914 '
CoCs Oy O',= 005 97 9,46, 0, 3 95 +0130149 100y 016915914
0001905 O’ = 00,995 94— 0, 0,49 19+ 05 05 91 $15—0; 01195 95
€10190y ', =0,0,499 3,05 05 8¢ 915—0; 01,9 110y 0169 S
€gCs 0108, =040; 910944“01094;'96 35 +0; 01:9; 99 +0; 0y 95 9y
¢y 01,0, =0405 91,9, +0, 01196 9 +0; 0109 95 +0; 05 95 '9.10
CoCs ®12®/4y= 0005 $1294— 01505 91 39 — 05 0169 Su+0; 01591195
CoCy 0158y = 0,0, 9139, 4-0, 0,59 99 — 0, 01,85 90— 05 0,49, 9,
¢30g 0,0, =050, 9,9, 40, 01,95 35 —0; 0159 919— 0 0109 91
CoCy 01,07, =2 0,05 91594+ 0y 01591 910-+01.05 95 95 +0y 01196 S



PARTICULARLY THOSE OF TWO VARIABLES.

45. SixtH Set, with @',

¢y Oy 0,=0,0, ¢ 35— 0, 09,9, — 010015911914 011614910%5
€5 Oy O'5=0,05 9y I5—0, 0,99 — 01,019 I15+05 01591094
€105 O, ®I5= 01'96 3 p) 5 — '92 953 13 6 — ‘9100133 9 3 14‘|‘ 99 0143 109 13
€oCs O3 @5=0005 95 $5—0; 09,95 —01,015%5 S+ 05 014911915
cot1 8, O5=000, 9, I;—0, 0:9% —0,,0,;%1%11 4010011914545
CoCo ®5 O'5=0,0, 95 3, —0; 0,93 — 011011914914+ 01014919
010y 5 O'5=0,0, 3¢ 95— 05 0:9,9 —01301,99 315+0, 614915914
CoCy Oy ®'5=0,0 7 95— 0; 0,99y — 0,360,595 $19+05 01091395
0101905 O'5=0,0,095 95— 05 0,9, 91,— 05 01,97 S15+0; 01095 4
Co01989 O3 =0,0,99 35—0; 0:9(91,— 0, 01,9y 91,40, 01195 91
€y ©19®'5=040y 91095 — 0100595 — 0, 01391 $14+0, 01,9, 915
Cg0s 01,05 =0505 91195 — 01,0995 — 0, 0y 9y 919+0, 0,09, Iy

0105 01905 =0,05 3109, —0,,0,%,95 — 0y 0,9 91,40, 01,95 1o
Cols ®13®/5= 0008 '91395 - 91305'90'98 - 06 01433 311 + 63 911'96 314
¢35 ©1,0'5= 0,05 91,95—0,,059595 —0; 0199, 915+ 6, 0,097 19
CaCs ®15®/5= 0,05 91595 — 015053595 — 07 0159 9190, 01037 g

46. SEVENTH Set, with @’

c9‘3‘15®0 0'5=0,0,5%9 Y5— 01 07 9591,— 01301194 35 +05 05 9109,
CyC3 0, ®/6= '94'93 H '9G+02 '95 3037 ""91101299 '914—013010'98 315
CoCs O O’ =00, 99 S5+0, 05 339 + 0100149 $10+01101599 95
€104 O3 O'4=0,0, 35 S50, 05 999y +010,,9 15+ 0101595 915
0105 0, 0';=0,0; 9, 34— 0; 07 3¢9 + 01301595 19— 0y 01191591,
€10y Oy 0';=0,0, 95 9+0; 05 9,95 —0,0,,915 91,— 0150199 S
€sCo Og O 5=040; 95 I5—0; 05 9595 +013015%15%15— 014014914514
co0y Oy O’ 5=0,0, 9y 9540, 05 3091 + 010011919915+ 01,013910%11
C9C190 ®,6= '92012'98 '96+07 '99 33913"00 01434 310_05 011'91 '915
00015®9\®/6=00015"99 Y505 01%5%15+0; 0159, 91, — 05 07 91 9y,
€C199100'6= 0301991096+ 01005 Yoo +01 0139 $1,+0; 01,9, 99
CoCs ©1,0'5=0,0, 91,%+01,0; 994 +0; 01495 95 +05 05 94 $g
Co0s ©190's= 005 91996— 0,307 3599 —0Oq 01994 S14+0; 0159, 91y
C3Cy ©130"= 0,05 91396+ 0,305 9535 — 01405 3¢ 911 — 0, 01195 14
€y 01,0 s= 0,0 91,95+ 01,05 3095 — 05 01395 91— 03 01,95 95
coCy @150 5=0,0y 915%6+0; 0149195 +0, 0139 311+ 05 0,095 9,
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47. EcaTH Set, With @,

€165 0y 8" =0,05 3¢ 93—0; 0,995 — 011015905+ 010015%11%2
€yt O 07=000; 91 3= 0, 0,99 — 015015911915+ 011015910912
€16y By ©7=0,0, 95 90, 6,99, —03 0139191, 40110195 3
CoCq @ O =00, I3 37— 05 0,909, — 0y 015910914+ 01001439 s
cC3 Oy 0y =0,05 94 93— 0, 0,995 — 0y 01591591, 013014% S0
coey B3 O7="0,0; 95 9y —0; 0,99, — b 010915915+ 015015% o
ety O 8 =0p0, 95 93—05 0,991 — 015015915911+ 01001 hets
CoCy ®; 07 =00, 9y 97— 0y 0,999y — 01,0131+ 01004
€501905 O’y =0,0195 93— 05 0,95%1,— 0, 0,,9,0%; +0; 01991 Sy
€198y Oy =009 9 T 0y 0;999195—"0y 01491195 +0; O11% S14
¢489 01081 =0,0y 9159, — 010019439 — 05 05 35 911-+0; 01,9 I

€C19010 7= 000199119 — 011 0;9%15— 01 01595 0+ O Or9% S13
CoCy 010"y =040y 915%— 0150999 — 0y 01195 S14+ 05 0% 911
CoCs ®13@),7:‘ 62'98 3 1397— 913‘973238 —‘95 91590 3 10+90 ‘9109 5 915
¢y 01,03 ="000y I — 0149:%¢% —05 0159, 91+ 0 01195 S19
ey 130" =0005 91597 —0150;9095 —05 01395 $10+05 01095 S1s

48. NintH Set, with @'

40150y 0'5=0,0,,90 35405 013999, +0; 0169991007 01595 911
Coty By O5=0,0, 9, Ig+05 09,9 1404 01595910+ 0; 0,496 S
€309 Oy ©'5=0,0, 95 S5+ 0110, 9910—0; O139:%,—0; 01594 H14
CqCy Oy &'y=0,0y 93 S5+ 01191910+06; 0996915+ 05 01484 %15
CoC1904 O's= 0001594 95+ 0y 01496%1—0; Oy 9191507 01195 S5
€1019®5 &5=0,0,395 95+ 0; O 91915+05 019750+ 0y 01995 914
€010 O'5=0,0,59¢ 35— 0; Oy S35+ 0 01494%10— 05 0119 915
€30130; ©'5=0:0,,9; 95+0; 05 I3915+ 0y 0149591005 1631 914
C5s Og O's="0405 95 Y5405 05 9595 —0; 07 3%, —019816%10%0
¢y Oy O's=00, 9y 35— 0140119595 — 0140159637 0. 05 915%13
¢oCy 8108 's=0p0 9195+ 01005 9499 + 0150159597 +05 07 915915
cots O ®'s=0,05 91,95+ 01105 9695 +0150,9:% + 05 O 915914
€Cq B190's= 00, 915%5— 01001499 % +0,,01595%; — 0, 05 99913
0104 0,50'5=0,0, 91595+ 0,305 9194 — 011014973 — 007 911914
60 ©148's=00;5 91495+ 01405 $035 — 0110,595%5 — 0505 91153
0504 03,03 =0,0, 91595 +010015% 96 + 0y 014995 4650y 9119415
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49. TextH Set—-with @'y

1580y 8'9=05015% $y—01,0; 95 91 —0, 01,94 $15+65 0,909
CoCs By @'y=0p03 9, 9+ 0, 01095 91,405 0139, 9150, 0159 S,
C3s By ®'y=0;05 Iy S9+0, 01191 910— 05 0159y 91— 0; 0149, 95
Cocs By O'g=0,0;5 I3 990, 0109 91140, 0139¢ 3150, 01495 S5
10190 ®I9=01Q1234 '99_98 05 o 913+63 014'96 911—97 91032 s
CC1905 ©'g=00019%5 S9+0; 0y 9o $10+ 05 61497 91,+6; 01,9, 9,
41596 ®/9:60015'96 '99‘—05 010'93 '912""62 913'94 '911+07 08 91 '914«
€190y O'g=0,0,5%; 9+0; 0y 99 31540, 01495 11405 6119 s
cer B O'9=050) 95 99— 0,461,995 40140159 3y —0, 05 91295
CoCy By @'g= 0,0 39 39— 0,46,6%10%10— 015015915915+ 01401491494
CoCs B8y =003 91099+ 01005 99 95 — 01301494 97 —0, 0y 9159,
Cola ©1105=0,0 91199+0,,05 99 Iy + 0150195 3, +0; 0, 9159,
€9019®19®"g=0,40,9919%9 406, 05 g 35 — b, 07 99 3y —01,60,,9,.%,
€y ©150'y=000, 91599+ 01305 3 I — 01101595 9y — 0y 05 911945
C3¢s ©140'y=0,0, 91,39+ 01.0) 95 3, —0,015%¢ 3, —04 0; 310%5
CoCs B150'y=0,05 91599 +01101595 94 +05 01491 9y +05 05 91491,

50. ELEVENTH Set—with @/,

¢y Cg Oy B 1y=0, b5 9¢.9,9—0; 01095 95 — 05 0,59, $15+0; 6,39, 9,5
¢y 5 0, 0" g="0; 05 91 910—0, 0,095 33 —0; 0,49, 15+ 0; 01595 9,
¢y G5 By @1y =0, b5 Ig 919— 0 0169 95 — by 01595 I15+0; 0,39, 95
¢y € Oy 0'1g=0, 05 95 99— 0; 0,59, 35 —0; 01,95 $15+0; 0129, 9,
Cq G5 0,0 10=0; 05 94 $10—0, 0,69 95 —0; 0y 35 91,+0; 0,19, 9

¢ Cg O3 ©'g="0; by 35 10— 0 0,09 %y — 0, 01,97 15+0, 0159, I,
€ €199 0'1g="0, 01994 10— 05 0,099 13— 0, 0139 1,+0; 0,9, 95
¢y ¢y Oy 0'1s=0, 0y 97 910—0; 0,69, 9y — b 01,95 95 +0; b5 95 9y
Co g Oy O'1y=0, by 5 919— 05 0,095 g —01501595 9y +0; 07 91595
Co C3 Oy O'1g=0, b3 39 910— 0y 0,09 35 —0130,,94 7 +0, 0; 9139,
¢15¢159100"10=015015910%10— 10010315315 — 011011914914+ 0140149191
¢y ¢, 0110"15=0; 0} 911910— 01,0109 91 — b5 Oy 919915+ 0156159 9,

¢y 0150190 19=0 015919%10— 0150109 13— 01101395 S+ 05 01,9195
Cy 4 ©130"10="0; 0, 915919— 01301095 9 — 0110129 95 40, 05 9119,
¢y €4 010" 10="0, 04 $1:910—01010% I — 0y 01595 7 035 0; 94 9y
¢; ¢4 030" 15=0, 0, 9,;,910— 015009, 34 — 0110130 %5 +0, 05 91,9,

MDCCCLX X XII, 5 p
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51. TwELFTH Set, with @

c305 B O =005 99 91, —0 61,9595 —0b5 01595 91405 01,96 45
€30y ©y ©'1;=0,0, 91 91, —0, 0119599 — 0y 0,39, 3154+0; 0159, 95
€oCy By O, =000y 95 911 —0y 0,,9¢% —0; 0,59 31,40, 61,95 9
coCs Oy O =0003 5 91— 05 0119695 — 05 01,95 $15+0; 0159 9,
ey O, 01, =0505 3, 91,—0, 01,9499 —0; 05 35 910+0; 019, I
005 05 1, =0505 95 91, —0; 01,9695 —0, 0109 99 +0; 05 9,9,
¢yey O O, =0,0, 3¢ 91105 0119439 —05 b5 97 915+0; 01095 95
€019y "1, =0,0,59; 91, —0; 0,.9091,— 0 01091 91506, 01594 9
cs O O, =0,0; I 91— 05 0119495 — 05 05 91591, 01501.9; I
CCa Oy 01 =040 39 91, =0y 01,909, — 01,0195 7 +0; 0; 91,9,
€01 0108 11=00; 1091, — 0100119631 — 0196159 I +05 Oy 91595
€101 01,0',=0,0; 91,91, — 01101199, — 0,150,539, 37 +0; 0; 9159,
€105 019811 =0,0 91991, — 01501919 — 0 0y 9109154010159 9
€oCs B30 11 =000 915911 — 013011909 — 01601291 97 +0, 0, 91094,
€104 ©140'1,==0,0, 91,91, — 01,019,194, — 0, 05 9109154010159 35
CoCy ®15®I11=6094 '915'911_6150113034 _910014«31 35 “}'61 95 '910“914

52. THIRTEENTH Set, with @/,.

¢y €3 By ©'1,=0, 03 94 915+ 0, 0,595 9y — b 01095 $1.—0; 61,95 Iy
€ Cy Oy O19=0, Oy 91 91540, 01595 95 405 01,95 91140, 0169, 945
Cg C Oy B 15=0 b5 9y I15+05 0,59, 39 40, 0,434 $10+0; 01391 94
¢ C1385 815=0; 0595 S15—0; 0109 99 +0, 01197 95 —05 0149, 945
Co Cg O, ®'1y=0, O3 3y 915— 0,505 9, Sy —0, 0,595 9,1+ 0, 0,09 9,
¢, C3 @5 0 ,=0, O3 35 915+0; 01091 95 +0,,0; 95 910+05 0,097 94
Gy Cg O O'1y=0, 03 94 910— 0130, I35 9y —0; 0,39, 91,40 0,09, I,
Cy Cg By ®'15=0, 0y 97 S15+0; 0199, 99 +05 0190 311+0, 01195 9y,
Co C4 Og O3 =0 0, 95 S15-+0, 05 9y 9130100149 95 —01,0,595 %

Cg €198y O'13=04 0,599 $15+0, 05 39 5 —0, 0; 35 Iy —01,6,,91,%,
€y 0159100 15=0y 01591910+ 010019%y S15— 05 014911915— 01101595 314
¢1 6 0110 1,=0, 05 9119154+ 01160159, 5 +0,0015% 9 +0; 07 910%13
€190190190"10= 015019919910 — 010010910910+ 011011911911 — 01501591 5%
Cg Cy © 13015 =05 Oy 913910+ 01501595 I9 — 0101591091 — Orot1 s
€y Cp 01,05 =0 0, 91,91,4-014010% I3 — 0, 05 Iy $1,—0, 01,95 9,

¢y €3 O30 15=0, 03 9159154015019, Iy +05 01197 94 +0; 05 %9 9



PARTICULARLY THOSE OF TWO VARIABLES.

53. FourTeENTH Set, with @',

€101900 0'15=0,0,09) 15— 0 0159,915—0; 0143 311 +0; 0119, 9
€012®1 0'15= 0001391 15— 0, 01394%15—0; 0119 310+ 05 01697 1
€30190 0'15=030,299 915— 0, 01395915— 05 0,9, 91,40, 01,95 9o
Co€1903 0'15=0,0,995 915— 05 0159:91,—0; 0,19, $19+0,4 0095 9y,
€y B, O 13=000y 3y 915— 0, 0139 $3—0; 0,95 315+05 019, 914
CoCs Oy @13 =005 I5 915— 05 0159 35— 03 0,196 $14+0 01,95 Iy
C30s O @' 13=0:05 I 915— 0 01395 35— 0 01,9 91, +0, 01195 4
CaCs Oy @' 13=0,03 7 I15— 0 0139 I5— 0 01095 915-+0;5 0,59 9o
€164 Oy 0'13=0,0, 5 93— 05 0,39, 9,—0,,0,,9, %, +0, 0,9, %,
CoCs Oy O'15=00, 99 9130y 0,39, 9,—0, 05 91,915+ 0110159, I
€304 0100 157=050, 910915— 01001395 94— 0, 05 911915+ 01,0,59, 95
CoCs 01,8 15=0,05 911915~ 011015%, $—0, 0 91915+0,,0129, I
CgCy ®12®I13= 0809 Hghz— 9129 13“9 8 4 97 9100119 145+ 0140153 10’9 11
CgCg ®13®/13= 0808 3 139 137 013013'9 8 4 8 0]4‘914/9 11~9 11 + ‘911‘9'11“9 143 14
€3 014015 =0005 914913~ 01,0139 95— 0, 07 39 $19+0y 0,09, I,
CoCo ®15®,1?3=‘9002 S5y — 0150139 S3— 05 0; 95 919-+05 0,095 Iy

54. FIFTEENTH Set, with @,

€20198 O'1,=0,0,39 91,— 0, 0,,99915— 05 01,994 +0,0, 95 9y,
€0C1381 O, = 00059, 91,— 0, 01.9¢%15—0; 0,,9,91, + 0,015 1o
€012®y 81, = 000199 I1,— 05 01,9¢%1— 0110 ;99 +0;05 37 9y
CiCy O O, =0,0y I3 $1,— 05 0,,9,39 — 0y 01090915+ 030159 H10
CsCy By 01, =030y 9, $14— 0, 0149539 — 0y 0159910+ 0p0,% %13
css O3 0", =0,05 95 91, —0; 0,,95%5 — 0, 0,49:915+0,0,5%, %y,
€oCs O 01, =005 94 91,— 05 01,9635 — 05 0139591, +0501,9; 915
€y Oy O, =000y 97 91,—0; 01,93 — 0, 01,9;91,+ 050159, 9y
Cos O @1, =0005 95 91, — 05 0,909 — 0110139595 +050; 91195
€304 O 01, =050, 99 914— 03 01,959, — 010615997 +00; 319
CoCa 0108 14=0u0,, $10914— 0100149034 — 03 07 99915+ 090,595 9,

€104 81191, =0,0,, 91,91, —01,60,,9, 9, — 0,015,995 +0,0; 3,59
CCy 0190 15=000y $19914,— 015014909 — 05 07 3991, +0,0119; I,

€0 0130”1, =0005 91391, —01301,9:95 — 0, 0,49,3; +6,0; 39 o
€4 01481, =0,0, 91,91,— 01401949, — 01301593 +0,0; 9:59+5
€e01 01501, =00, 91591, — 014015909 — 0100119435 40,05 919

5P 2

841
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55. SIXTEENTH Set, with @',

e ¢y Oy O ;=0 0y 9y 915+0; 01691995 — 0, 01195 $15—0; 0597 944
¢g 0y Oy O ;=05 05 9 915+0; 0119, 91— 0, 0,,9; 99 —0; 6,59, 9,
01 01909 O ;= 0, 0199 $154+0; 0109, 9y ’fge 01195 93 — 0y 01395 94,
¢y 1905 @13 =0 0,095 9154+ 0; 0119, 95 —0; b5 9195 —0, 01,9, 95
Cy €y By ®115:‘9-z ‘99 Iy '915+95 914«'93 I3 —‘97 912'91 '910_90 0]1“96 S
0y Cy O O, =0y 05 95 S15+0; 01599 35 —0; 0,59 $190— 0y 0109 915
¢y 0y Op O ;=0 0y Ig 15+ 0; 01,91 95 — 0, 0139 93 —0; 0,095 9,
¢y 0y By O/ 1; =0 Og 9y S15+0; 01590 95 — 05 01593 $10—0, 01095 95
€304 Og O'1;=05 0, 95 91540100139, 96 —0, 01,9, 95 —0, 6; 9119,
Co 5 O O1;=0 05 99 915+01,0159, 9y —05 01,9, 97 —05 05 9,09,
€1 04 B8, =0, Oy 19915+ 010015% Sy — 0110190 95 — 0y 05 911944
Cp Cy ®11®/15:90 ‘94 '911915""911‘915'90 Iy —010'914'91 35 = 91 05 Hods
0y 03 ©19015==0 O3 919915+ 01301491 3 — 05 0119, 94 —0; 05 95 9y,
Co Cy ®13®’15:00 ‘92 '913315+013015~90 ) _95 67 Fg '910'_08 '910'95 '97
¢y 01 0148 15= 00 01 91915+ 01015%0 S0 —010011.94 %5 — 0, 059119,
€150150150'15= 015015915915+ 010010910910 — 0110119 1911 — 01401491454

56. Any one equation giving cc®,0’, where », n are different, also gives ¢c®,8’, by
changing the sign of & 7 : thus from
C9C3®, 0= 05059 90+ 0509495 — 010011959y — 01,0, 915%5
there follows in this manner

C203()-)0@/1 = 029330"9 17 06 9’7 '9/119'5 - 610611'989'9 + 0] 4015312313'

In addition to the equations given in formule (205), (206), (207), the following
include most of those used in order to obtain the above sixteen sets in the form in
which they are presented.
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0y 03 91 3 +05 0y 91091,=0, 01 95 35 401061195 Iy )
04 05 96 3y +014015910%15="0; 07 34 35 +015015%1.5;
Oy 03 9 99 +0, 05 95 9, =0; 0,94 35 +0; 05,9, I
013015919914+ 05 0109 911= 015014813915 +05 0119 3 10
0y 0y 95 3 +015014915915=0 O3 9, 95 +015015913%1
0, 07 35 35 +05 01199 310=0; 05 9, 37 +0, 0,45 '911J

05 01994 S0 + 01001495 96 =0, 0, 95 915+0, 0 310314\
Oy 015 95 +0110159; 95 =0, 05 95 91540 05 91,9,
0, 01995 9 405 01591 9 =0 b5 9y 9190, b 35 Sy
Oy D196 1401105 97 915= 0 01,85 10+ 0; 01595 9 [
O, Og 1990 + 01505 37 $1,= 05 01594 95 +0; 01195 94
01005 95 1405 Oy 91 915=0, 0,395 9 +0, 01,9, S0

0y 6,59 S0 + 0, 0y 911915="0, O I 915+0110,3%, 9, )
05 05 919915+ 05 0149 S =0, 0, 35 91+ 01001595 35
O 01539 %9 +05 01 9149, =010, 31 I3 405 0 95 s
0 01194 915+ 05 01993 910= 05 01095 150, 0139591,
O By 91590 +05 01095 $10="0, O15% 99 +05 01595 %9
Os 07 91 9140, 0119 915="0, 0159, 91, +06, 01,9, 95 J

0, 0y 99 5 + 0, 01995 915=0, 05 91 99 +0; 0139, 312\
01105 95 91005 01497 $15=0, 0109 S1+0; 0159 914
0 05 99 39 + 05 0159, 915=0, 0y 91 95 +0; 0149 915
0110y 35 31905 01994 915= 05 01993 91140, 01395 95
Os 0y 99 91 +01001195 95 =0, 0, 95 39 +0, 05 91491,
01901594 S5 + 0140159 95 =0, 05 15915+ 0 07 914515 >

00 012'9'14:'92 +03 015'913'9'1 =94« 08 '9'6 '910+91107 "95 '9'9 )
00 02 '9'14«'912+03 01 '9']3"915=04 06 '98 ”910+ 05 07 '99 '911 }
02 012'914«'90 +01501 ‘93 ‘913=06 08 '94 "910+05 011'9'7 '99 J

60 06 Yy H +011013'910312= 09 015'98 St 02 04 g Ig )
0, 6, Iy S +010011919915=105 0, 1415405 05 94 95
0, 6, 3 % +0]0013'912'911=08 0,59 314+04 03 9595

~

843

(208)

(209)

(210)

(211)

(212)

(213)
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90 '93 M3 +01301435 S ='919015'94 Sy +01 02 ¥y 310\
‘93 08 1% +'95 01-’1«“913'96 =0, 015'91297 40, 0y 9, 94 >
‘90 ‘98 $195 +95 ‘91396 314=0¢ 01297 9154'91 0y 9, Ho

00 98 '9'10'92 +65 013"97 '915:04: 012"96 ’9'141+'91 09 "93 "911 ’
02 08 '9'10’90 +07 013"95 "915=06 012’94« '3143_" 03 09 '91 "911
00 02 ’910'98 +05 0’7 '9'13'915:0‘11 06 "912'9'14_'_01 03 "99 ’911 J

~

‘92 ‘96 Y5 +08 '9123113152'910014'99 '913+0o ‘94 3 '97 )
01 06 I5 Fy +'98 ‘915311'912:910013'99 914"‘03 ‘94 o S
91 02 Y5 Fg +‘91'2‘915311'98 :01301@*99 910"“90 03 Hy Y7

e

0, 05 91 95 +0; 0, 99 3, =0, 039, % +0, 0, 95 I, )
0y 611915914+ 05 O10%15%15= 0150149 311+ 01301595 940
05 0,91 95 +05 0159195=0, 05 9, 35 +0,0013%5 ;5 .
0y 05 99 97 +0, 014911312=00 0 95 95 01,0159 S

05 05 91 94 0y 01991191,="0; 0,35 ¢ +01,0,,94 9,
05 0, 99 35 405 013915910="0, 05 95 3y 4010059 S

00 03 ’915’912+013014’9'1 ’9'2 =015612’90 ’9'3 +01 02 "913'9]/%T

Oy 01991595 +01,0; 9y 95 =04 05 9119 +0,505 3
Oy 01, S15+0, 05 910% =0, 0,39, 9,405 0,69 95
0110, 97 35 +0130, 91 $1,=0; Og 84 91,+0; 019, Sg
O 61194 97 +0; 05 39 910="0, 0, 4 1140, 0,9 I J

b, 0, 91495 +0, 015'95 35 =0, 012"96 911+07 0}090 913)
Oy Oy 91494 +0y 05 95 91,=0; 0,59, '911"1‘07 01590 91
93 ‘94 Had +08 ‘91595 Yo =91 06 3129114‘01001390 S

~

(214)

(215)

(216)

(217)

(218)

(219)

and others, as follow, which do not admit of being arranged symmetrically, the equa-
tions necessary to complete systems such as (218) or (219) not having been used :
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010, 99 %5 401401191091, ="05 05 95 3, +0y 01595 95
0,05 94 35 +010011914% 15=0.3 0y %5 37 +05 by 91391
0,013%15% 05 0159195 =0, 0y 35 35 40,06, I 91,
000199159 +05 01591489 =0, b5 35 %9 +01,0; 35 94,
0505 91991 +0, 0159159 =0, 0y 99 91,405 01429
0,05 91095 05 0159159, =0, Oy 35 91,40, 01,959,
0001591491 +05 0159, 915=04 Oy 35 Iy +-0; 0109, 91,
0001 91491505 O 319%15="05 by ¢ Iy 40100119, 9;
000y 91193 + 0y 01491595 =0; 05 35 910+ 0159, 915
0005 9119 +0y 05 91991, =0, 05 35 919+0; 0, 91395
000, 95 Iy 01001439 $15=05 01,911915+0, b5 3, I
0005 34 3y 01501489 $10="01501291,95 +0, 6, 34 95

and many of a similar form.

57. If there be four pairs of arguments x,, vy, @, ¥y, s, Y3, %4 Y4 such that
@ty t+2s+2,= 0=y, + Y+ Y5+
then with the notation of the first section we have

X, 4o =X,+u,=X;+2,=X,+x,=0
Y 4+ =Y4y,=Y4y; =Y, +1,=0

and the product theorem (23) will give results similar to (205), (206), (207).

examples, if we put
= %(y, 11)3 (@ Yo)H s, ¥5)H(xp )

the equations corresponding to (205) will be

o105 11, =11, + T+ 11

‘ o411, 0411, s =TIy 11,11,
and so on ; and if

H-‘“T:’gr(wl’ ?/1)’9?'(9027 yz)’gS(w:s: ]/3)9@(%, yzk)

the first equations of the sets corresponding to (206), (207) will be respectively

IR 100 I =TI T ++T1,° 411
T8 4TI T T O =TI - T+ 1T 1T

845
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58. Again, if
a+b4c4+d=0
a4 +d'=0

and in the general theorem we put

xy=uta Xy=u-+40b Xs=u-c r,=u+d

h=v+a Yo=v+b Ys=v-+¢ yy=v4+d

then X,=u—a, Y,=v—c/, and so for the others: and it is not difficult to prove
that

(v )9 (4D) g (v =€) S5+ d) + Io(u~+a) 95 (4 1) Iy (w+¢) 9, (u+d)
+9o(— )3 (u—"0)%y(u—c) 91— d) + Io(u — ) $5(u—0) Iy (¢ —c) 3, (v —d)

=95 (u+a)Iy(u+0)9, (u+c)dy(utd) + 3 (w4 )9y (14 0) 5 (u+¢) I, (u+d)
4 95(1—a)9y(u—0) 9 {u—c)I(u—d) 4% (1w —a)Io(1v—0) I5(16 — ) I, ()

Hu+a), ... denotling H(u+a, v+a’), ..., with other relations of the same kind
between the theta-functions.

SecrioN IV.
The “r” tuple theta-functions.

59. The general “#” tuple theta-functions is defined by the equation

CI){<)\1’ Agyovns >"r> I wr} =33 ... (_l)ml)\l+ e +m,.)\,-pl(ml+'g)})2(7>z2+12§)2 . pr(m,&’;—')g

20 7 7

P 22(m1+%1)(mz+"’22) T lz(m,+'%)(am+"~2') L ,Ul(‘lml+ul)t1v2(2m2+u2)x2 L. ,Ur(2m,~+v,-)x.- L. (220)

in which N\, Ay, . .., N, v, v, . . ., v, are given integers (afterwards taken to be either
D WU

zero or unity) and <
Uy Vg o v o, Uy

> is called the characteristic; «;, x,, ..., ®, are the

. r.r+3
variables ; Py, Py . .5 P Pras« s Pots o o o5 V1, Uy - oo, U are —— constants and

are called the parameters; and the “»” tuple summation extends to all positive and
negative integral values from —oo to 4o (including zero) of m, my, ..., m,. To
ensure the convergence of the series it is necessary that the real part of

(2m,4v))? log p1+ . .. +2(2m, ) (2my+12) log py o+ . ..
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should be negative for all real values of the m’s; beyond this restriction the rm;—l
quantities p are of any form or value whatever.
60. From the definition it at once follows that
(D{xl,xg,...,xs-rz...,xr}ch{xl,xw...,xs,...,x,}
vy Voo, Vs ce e, Uy Vi, Vgy oo vy Usy o oo s Uy
' PV I Y
—f As, 1> V9 » s y I
=(=1) (I){Vl, Voo o os s 2, 0, v,,} ot (221)

the variables being the same throughout. Hence it is obvious that the number of
distinct functions is 2*=4". Also

7\,7\. . 7\/ |
1 1 IV . RIS
{<1> 2 7> v por r}
Vi, Vo, o+« , Vp

PNTD VN W

Yy Vg o oo s Uy

— (___ 1))\11/1+ P +)\7»qu) {<

>w1,962,...,ac,}. .o (229)

a formula which enables us to distinguish between even and uneven functions. For
each of the expressions, as Ay, zero value may arise in three ways, viz.: =0, »,=0;
M=1, »,=0; \=0, »,=1; and a value unity arises in one way, \,=1, »,=1; and an
uneven function will occur when the number of units in the index is odd. Thus if
P, Q denote the numbers of even and uneven functions respectively

7 —1r— 20—

ra—1 7 3
—ar . r—2 =4
P=3 + 1.2 Sl 1.2.3.4 S

ryr—1r—2
Q:')‘.3’_1+—T2—§’—“3r—3+ e

and therefore
P+Q=(341)y=2"

P—Q=(8—1)=2
so that
P=22r—1 +2r-—1

Q=2¥"1—21,

MDCCCLXXXIT. 5 qQ
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Periodicity.
61. Putting

im

ve=eX . . . . . . . . ... (223)

where s has in turn every value from 1 to #, in the definition of & there follow at
once the r distinct sets of actual periods for & :—

x, @y X4 2, «,
4K, | 0 0 0 0
0 4K, 0 0 0
0 | o | 4K, o | o
0 0 0 4K, 0
0 0 0 0 | 4K,
and
(A K, ) )
=(=ppe{ (e M)
" 224),
Bt M oK, 2 (224
== e{(e s e
J

By a method similar to that before used can be obtained the following set of quasi-
periods :— '
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@, X x5 x,
4K, 4K, ' 4K, 4K,
T logpy | ilogpyy — logpys | log s
4Ky 4K 4Ky 4Ky
s “08 Pre | 108 Py mi P8 Pas | T 08 Par

K 4K 4K, 4K,
— g pys | ——*log py, — logp, |~ logp,,
4K, 4K, 4K, | 4K, |
i logpyr | log pys s 108 Par | log pr

and

¢{<7\,1,7\2> ce s Ny > >m1+_10g D1, a:2—|— logpg,s, ey X

Vi Vg v ooy Vs o

K, K,
+—logp, ..., a+—log pr,,}

s XM by A

—_— — 107V o o0y s L A
p%e ZK(I){< ’ v>ocl,w2,...,ocs,...,wr}

2 Pr

L2V ZYSN 0l

- 7\ S (225).
¢{< v s,”.'.,V> 1+ 110g1013,902+ glogpw""’m"

\VL Vgy oo vy Vg s

+ " 10g2087 L] .’X3¢+ - logpé‘,"}

i SV W |
=p, e K,(—l)“d;){()\1 > ’ >wl, Doy v o ,x,,,...,x,}

Vi Vg o s Usyov o, Uy

Product theorem.

62. We multiply four functions ® @' ®” & (in which the variables are ay,. ..,
’ ’” o g Ao Ny N,
&y, &, ..., &, ..., and the characteristics are ( ! ), < 1 ), < 2t >,

Vi, o o AT v .
" it b & 1

and <::,,,1’ e ) respectively, the sums of the four corresponding numbers being all even);
b

and we find that the product is the sum of 4” products. Denote such a product by
52



850 MR. A. R. FORSYTH ON THE THETA-FUNCTIONS,

ANy oo h Ay .
II(I){<1 g v)ml,wz,...,w,}'. oo (226)

Vip Vg o ooy Uy

Let

M+ 2m=M";+2m’; =M"+2m", =M"",42m""; =m’;+m'~+ m”+m”
2(Xit2) =2(X/ o) =2(X ") =2(X " o) =w 4o i Fa o,
2(AN) =2(A 4N =2(A74N") =2(A 1 4+N") =NAN N N =21,
2(Nitr) =2(N'oo4) = 2(N"i4+/) =2(N"ir")) = vtk i/,

in which for ¢ are to be substituted, in succession, the values 1, 2, 8,..., . Then

mt)_i—l— mltxlt—i—miltxilt'—l—1nll/txlllt=%(MtAt-—l— MltA_lt—I—M,ItA//t M///iA/I/t)

@mAv)*+ (2w )2+ (2m” ")+ (2w v
=(M;+Nl)2+ (Mlt+N/l)2+( Ht"l" ”i)2+(M/”t+NN';)

(@mv) @b )+ . . . (@) (@A)
=(MA4N)MAN)+ . .. +M7+N")(M”,+N",)

(At - - . HEm” ) = (M AN)X A . . M N7)X,

These, substituted in ®P'®"P"”, give

ESTM A+ MA -+ MY A+ MU,

PP'P P =353, ... (—1)@1 2 pr{oneNpe L rornep)

Pra{<M,-+N,>2+ oo QU AN L P 2%{(M1+N1)(M2+N._,)+.,.+(M”’l+N"’1)(M”'2+N’”2)} L.
)

P AT NI+ N+ L (N4 R } Dy OLHNDELt L HQIENTYX
)

P QU RN (997)

the summation being taken for all values of the M's defined by the preceding equations.
Now the difference between any two of the M’s with the same suffix is even, so that
all the M’s with the same suffix are either even or uneven. In the former case let

Mt= 2/Lt M/t= 2M/t M//t_: 2M//t M///tz 2#///t
and it will be found that if the equations are satisfied

petp g =even.
In the latter case, let

Mt= 2;“’t+ 1 M,t’: 2/“',t+ 1 M”tz Z/L/,t'l' 1 ] .///t= 2/~L,//t+ 1
and then it will be necessary that

pet @' A w” =uneven,
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Separate now the general term in (227) into parts corresponding to the particular
cases of the values of the M’s (i.e., whether they are even or uneven), and denote them
as follows :—

3, when all the M’s are even, and general term P,:
3, when all the M’s except the M,’s are even, and general term P,:
3, when all the M’s except the M,, M, are even, and general term P, ,:

and so on ; also let

t=r
S 3,= sum of all the terms which have one set of M’s uneven and all the rest even,
t=1
s=r t=1r
S S35, ;=sum of all the terms which have two sets of M’s uneven and all the rest
s=1t=1

even,

and so on; making the number of distinct terms on the right-hand side

1 in which no sets of M are uneven
+r in which one set is uneven
ra—1 . .
+5; in which two sets are uneven
ro—1r—2 . .
+—5— in which three sets are uneven
4+
+1 in which all the sets are uneven

viz.: =27 in all; and then

cpq>'¢"q>"'=20P0+t§j(-—1)L12,Pt+:§:§:(—1)L'+L12$,¢Ps,,+... .. (228).

In this
t=7r
3 (uelet el o p A ek w A 3] @ua NP L @ N ) ESLCIIES RS NC IS 0
]?0——-(_'1)‘:l Y41 Py .
P 2% {(2I*1+N1>(2#2+N2)+ e ~+(ZI-"'”1+N/Nl)(zll‘v”"z"'N”’z)}. ..
)
vl(z,;l+N1)x1+. SR @ENTRI gy Gt NIt QN X
t=r
P ( l)tE1(mA¢+p.’:A’¢+u”¢A”t+;L"’tA”':)p ERLCITICS I +Eu"+ N2} p i{(Zp.c+1+N¢)9+. . .+(2u’”¢+l+N’“:)2}
st—=\—1)t= 1 ce Py

1 1 ) 1)
psz{(zﬂ.+1+N,)2+...+(2u '.+1+N'”,)2}. . pr§{(2,¢r+N,-)2+...+(2;¢“r+N O S
) t%{(2u1+Nl)(2,u+1+N¢)+. L AN 1N } P t%{(?;.;.+1+N,)(2,;.,+1+Nz)+. L @R LN 14N }

i} 81

,Ul(2p.l+N1)X1+. © e QU N X . @t LN X+ @ 1 N)XY,
v e e Uy N

1N @A L N YK, 0, B NDK L 2+ N )X
e Uy

and similarly for the others. Taking the terms in (228) separately we have
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27'20]-30: 20P0—|— t§7’20(— 1 )E}HPO +t§"sgso( _ 1)2,;,:+EM:PO
t=1 t=1s=1

1SS S sy (— )P L (229)
t=1s=1lu=1
in which

2[«%: H't+ Mlt+ Hr//t + H'/”t

and the summation on the right-hand side is taken for all values of the w’s, without
restriction, from — o to 4 oo ; the factor 2" is prefixed to the left-hand side because
there would remain 2" terms of the initial value of 2P, were the right-hand side
written out at full length. Now

Ay Ay .. A, ..,

3 A‘
P,=general term in H®JL<N1, Npoo Ny, N,

AFL A, o AL A,
(_1)EMPO= 72 9 Hq){< 1+ ? >X1, Xg, ey Xs, « e ey X,}

and therefore

Ay Ay ..oy Ay,
N, N, ..., N, ...,

s=7 A’A;---;Ax"l'l,...,
+a§]H(I){<N§, qu’_._,N"r "..,§:>X1, XQ’ e s by XT}

g=7r t=7 Al’ A2""7As+1; At+1;---,Ar
+3§i t§1H¢{<Nl) NZ! ter NB ) Nt PRI ;N7->X1’ X2’ B X"}

2’20P0=H®{< §T>X1, Xz, s v g Xy,

a=r t=r u=r Ap Ay, A1, Ap+ 1, A1, ..., A,
+22 EH(P{(NI,NQ,...,Ns ,Nt ;Nu ,’”,N’)XDX%-«-,X?*}

s=1 t=1u=1

e s (290)

where in that expression on the right-hand side which has « of the upper row of

numbers in its characteristic of the form A,41 there will be independent terms,

klr—g!
and these of course are the only-ones to be included in the “«” tuple summation.
Thus 2'3,P, is equal to the sum of 2" products of four functions, to each product being
prefixed a positive sign.
Again

s=7 s=9
23, P=3P,—3(—1)*P,+ SS(—1)*P,— S 3(—1)¥+>P,

s=1 §=1

48 SS(=1)WP— L L L L, (281)

§=1 u=1
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where in the third and fourth terms s is not to take the value ¢ ; in the fifth term
neither s nor » may take the value ¢, and so on; and all restrictions on the values of
the u’s have been removed. In the expression the number of negative terms will be

14p—] gt ” 2+...+a~—1+1=2r-l;

i.e., half the terms will be affected with a negative sign. Now

o . ApBDy.. s Ar ooy A, }
P,=general term in H(I){(Nv Noo Nl .. N, X, Xy o0, X,
J Y U WS R VAR &
(_1)2M1Pt= ” I HCI){<N;., Nz, ., N, N;“l"l . NT>X1, Xz, “ ey X,}

and so for the others: thus

B AI,AQ,... A yeiiy A }

2tht_nq>{<Np R N)Xl, X, ..., X
s=r Al’A2""’A3+1 t X}
+s§1in®{<Nl,Ng,...,N, N¢+1 Xl’Xz"”" r
- Ap Ay ooy Akl oy A ,...,Au+1,...,Ar> }
+s§1,§1in®{<Nl,N2,...,Ns NN e X X
O (.5:2)

an equal number (27) of terms being affected with a positive and with a negative
sign ; the rule by which it is applied will shortly be pointed out. Similarly

r — Ay A, - s Ay X }
2 EsftPs,t—"H(D{<N1, NZ’ .. N +1 Nt-i-]_ >X1, Xz, DRI 7

cr Ay Ay ooy At ooy Ay ity A A)X < X}
+Elﬂ:n®{<Nl,N2,...,NK e Ny L N, N B B

e=r 1= ApAy ooy At ly ooy At d oy Ay ey A m)
+K§5im{<NpNg,...,Nx N Nl Nl N,
XleX}+ . (233)

half the terms, as in (232), being affected with a negative sign.
Proceeding in this manner, (228) gives

2D’ P"P” = sum of 4" products of four functions & . . . (234).
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63. Fach of these products is affected with a positive or negative sign, determined
by the following rule (Rule I.); and it has this sign modified by being multiplied,
according to another rule (Rule IL.), by a definite power of negative unity. Taking

the first term, viz.:—
Al) Ag, DY A,, }
Hq’{(Nl, Ny ..., N,,>X1, X, ..., X,

the characteristics for the remaining 4"—1 similar products may be written down as
follows : for the upper rows take all possible combinations of

Al’ Az, Ag, { As’ { Ar,
AL AL A+, AT, L A+,

by selecting one from each bracketed pair; and similarly, for the lower rows, from

Ny, Ny, N, N { Nos
N+1L N+ 1L, INg+1, o, IN+1, L, N+ L

Defining that number in the lower row of the characteristic as *corresponding ”
with another in the upper row (and vice versd) when the two have the same suffix,
the following are the rules above referred to :—

Rule I. If, in the typical characteristic of any product, there be an odd number of
pairs of corresponding numbers such that each member of a pair differs by unity from
the member holding the same position in the first term, viz.: in

A].’ AQ, s eay A,
H¢{<N1, Ngovus Nr>X1, Xosovos Xr},

then to that product is prefixed a negative sign; but if there be an even number of
such pairs, a positive sign must be prefixed.

(As in the algebraical expression of the theorem the numbers will be of the form
N,+1, N,+1 and not of the form N,—1=N,+1—2, N,—1=N,+1—2, which might
by formula (220) cause a difference of sign, the above rule is perfectly determinate).

Rule II. To find the index of (—1)! in order to prefix the proper power of (—1) to
a product, there must be taken the sum of the numbers in the upper rows of the
characteristics of the four functions in the first term, viz.: in

Ay Ay oo A
H®{<Nl7 Ng’ ey N7>X1’ XQ:’ ey XT}’

corresponding to those in the lower row which hold the same position as the numbers,

differing from them by unity, in the lower row of the typwal charactenstlc of the
product,
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(Since it has been assumed that

AN, HA N, =even

for all values of ¢ which occur, no imaginary quantities are introduced).
Thus, as a term on the right-hand side, there will be

—_— ( -1 )%[2A;+2Am+zAn+z‘A,,]

Al, AZ’ A3+1’ e A"+1’ Al+]" Am+1, An+1) Ap s Afp ey A')X X X }
H(I){(NI’ Noo Ny ..., N ,N+LN,+L N+, N,+1,N,..., N,/ 7o
where
SA =N+ AN A

The coefficient of & in the index of —1 is SA;43A,+3A,+3A,, by Rule II., since
the numbers N;4-1, N,+1, N,+1, N,+1 are all that differ by unity from those in
the first term, and the sum of the numbers which correspond to Ny, ..., N,, ...,
Nu ..., N, ..., in the four functions in that term is SA;+3A,+3A,+34,; and a
— sign is prefixed, by Rule I., because there is an odd number of pairs of corresponding
Al+1,{AﬂL+1,{An+17
Ny+1, | N, +1, | N,+1,

members of the similarly situated pairs in the first term. So another term will be

numbers—-{ each member of which differs by unity from the

N ) A, Ay, A +1 . Ar+1, Aj4-1
— 1 A A s 3A, } Ap Ry Ag+ 1,00y , )
( ) 1 Nl:NQ’N{; s~~-:N1c 1Nl+17

Mt LAy AL A, A, ‘
N,.+1,N,+1,.. .,Np ’Nq_,_l,. - 7Nr>X1’ Xz’ ey X,.},

and the sign and coefficient of any term may be written down from an inspection of
its characteristic.

64. As it has been proved that every number in the characteristic is either zero or
unity, and the assumption has been made that the sum of any four similarly situated
numbers in the characteristics of the four functions is even, the general product
theorem comprises (4°)% 4.e., 2%, particular cases, the variables being still left perfectly
general. '

65. In a manner similar to that adopted in Section L. the following formulse are
obtainable :-—

MDCCCLXXXII. 5 R
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A Agy e - -

vy, Vo -

HCI><

)

$=r t=v

+ S S1ue

+SH<I>
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<7&1, Ao

Viy Vg »

J ML ,7\,,>

s Yy
VRS PN W

t=1 Ve EEEEEI

S MFL L,

<x1, Ny -

.
Viy Vg o e

. axb- 77\')""'1

C s Vg e .Y,

s=1t=1 s Vs P y Ut s oe ey Up

§=p {=7

.+ S S1e

s=1t=1

+ SHCI><

<x1+1, At LA+ 1,y Ay
3 VC)

)

..,x,,+1>+Hq)<xl+1,x2+1,...,x,.+1

vy Up 2 I

vy s Vg L7

ML ML
31

)

s Vg sy v e 9 Vsy o

=same expression with A written for A

N }throughout

2 v

the variables on the left-hand side being
’ '/ 4 77 24 77 ./// 177
By By Wy &y &, X X,

Xy, Xy o . X

and the variables on the right-hand side being
X, Xy oo, X, X X, o0, X0 X, X, 0

)

14 44 17,
» X7 X7y X,
Again

q)(xl,xz, .
Vyy Vogy v v vy Vpy oo

(7\1, Aas e e e

prga'-?Vt 5.

S hvEL LN
cy Vs 7S
N+ ,7»,.)

Yy
,?»¢+1,...,7»7.>

RN TX
» Ay

y Vr

S VU ’7”">—H<D<7”1’ Aoy «

y Uy Yy Vgy o« -
+SH<I)
s=1

s A1,
Y Vs s

(xl, N T

Vg Vgy o v v s Vs

-—S].'[CID

s=1

>\‘1’ )\’2’
Viy Vgy o o » s Vit 5 oo

e T

9 Uy

+8 St

s=1u=1

).

,x,.+1>

IR PRCEEE

s ?xlb LA

...— S SHe

s=1u=1

5,.-.

Cy Uy

,x,.+1>

2 V?‘

vy VUsy oo v g Vyy o

+SH<1> MAL AL oAy Ay
.2 ey VUsy o oo s Vgy o u s

<xl+1 1, ..,xs,...,x,.+1>

oy Uy oo e s Vp
Mt , o
+ >—1Iq><7“1+1 Mt
VI s V5 yean

) Uy

<x1+1 A+,

2 7N

y Vg e

—'Sue

s=1

+ Hcp(

Vv, s Vy e

MALA+L N

o5y Vs o o

y Mt 1

W > Vr >
= (—1)H{ Ve [game expression with A written for X and N for »
throughout except for v, for which write N41;

the variables being as in (235)]

s Vg 5 0

717

(235)

LI b X’ //rl

(236)

>

This equation (236) is equivalent to » equations by substituting in succession

t=1,2,3, ..

integer value 1, 2, 3, .

s=1

, 7, except £ Again

,r; and a summation indicated by s 1mphes that s is to have every
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Hq)(xl,xg,. .,xﬂ.>_n®<xvx2,...,>VS+1,.. ,7\;,...,7»,) R
Vs Vgy e oo Uy V) Vgy 5+ o5 Vs N 7 74
_nq><7‘1’ p VAU VAR W 5 I x,)
Vs Vgs o vv s Uy v e s Vi 5 enns Uy
+l§'nq)<7\q,,>»2,.. ,xl+1,...,xs,7x,,...,>»,.>
1=1 Vi Vg oo s V) e ey Usy Vigw vy Uy
+Hc1><>”1’7”2"' ,xs+1,x,+1....,7x,.>
Vip Vgy v e v s Vs s Vp 5evny Uy
_zg-n®<xl,x2,...,x,+1,...,xs,...,xt+1,...,x,>
1=1 Viy Vgy o« o Vg s o0y Yy ouuy Vs s e YUy
__lé"nq)(xl,xg,...,xl+1,...,x,,.+1,...,x¢,...,7\,.
1=1 Vi, Voy o vy Vg 9 sy Vg s ey Vi v oo o Uy
+l§‘“§*'nq)<xl,x2,. D VIS U WS U Y .,xt,...,x,)_
=1 m=1 va;z’-’~9’/l y oo Un sy Uy ooy Vhoouoyly
+l§"”§rncb<>»1+1,x2+1,...,x,,‘..,x,,;,. I VR =S P W B O .,x,‘+1>
' 1=1m=1 vy s Vo g ovos Vly vouyg Uy ovuy Vs seeey Vg yesey Up
MALAFL Ay A ML, A
-—SII(D( ! o ' ’ L (237)
=7 Vi 9 Vs seees Vo Uy VUt 5.0, Uy
_zé,,ﬂ®<M+1,>»2+1,...,xl,...,7»3+1,. ,x.,.+1>
1=1 51 s Vg ge vy Voo oy Vs s Ve Uy
+H(px1+1,x2+1,...,xs,...,xt,. J A+l
Vi 3 Vs sevesVpoons VyaoesVy
+SH¢<>\,,+1 M1, ...»,x,,...,xs+1,...,xt+1,...,xr+1>
N N /N P N
_H®<7x1+1,7~2+1,...,7x3,.-.,M—'rl,. ,7\,.+1>
v, 5 Yy B N 7
Hq><)‘1+1’7‘2+1"“’7“+1"‘ s Ny oo ,xr+1>
141 s Vg s o009 Vs sy o ey Vs ooy VUp
+H<I><)”1+] s M1 7\3+1,...,>»,+1,...,7\,,+1>
R T TR R,
= (— 1)MANENANTAAANAN ) [same expression with A written for N and N
for » throughout, except for », v, for
which write respectively N,+1, N,+1;
the variables being as in (285)]

/

in which s, ¢ are to have in succession the values 1, 2, 3, ..., 7, (but never the same

e, T

1=y
value together) ; and S implies summation for every value of 7 in 1, 2, 3,
=1

Thus the equation comprises 4r(r—1) cases.
5R 2

except I=s, and I=t¢.
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66. From an inspection of these equations, it is seen that the lower row in the
characteristic of each term is the same throughout the same side of the same equation ;
and this holds throughout the system of 2’ equations of which the above are examples.
To write down the equation in which « of the numbers in the lower row on the right-
hand side differ by unity from N, N,, ..., N,, (and which is therefore an equation

comprising cases), take that group of 2" terms in the general product theorem

klr—«!
having this lower row for the common lower row of the characteristic and multiply the
group by

( —1 )%éEAt

t
where A, has already been defined and S implies that summation is to be taken for
those « values of ¢ which have their numbers in the lower row of the characteristic of
the form N,4-1; this is the right-hand side of the equation. To obtain the left-hand

side the coefficient (——1)%’“‘ is dropped, as well as all the units in the numbers
N,+1,...; and N\, v, x are substituted for A, N, X respectively. Thus to a term of
the form

\ Ay Ay A1 AT, A+

—1 a(2A1+2Am+2An+EA,,)H 10 439y 433 s Lk 9 s 3 s

(=1) ¢ NN, Ny, ,...,No ,...,N+1,...,
Autl oo Ay o AL LA, A>X X X}
N,+1,...,N,4+1,...,N, ,...,N,+1,...,N,/ P72 o

on the right-hand side, there will on the left-hand side be a term of the form

nq){<)”1’ xa,x3+1,”.,xK+1,...,xl4-1,...,x,,,+1,...,x,l,...,7\1,4-1,.’.,%...,x,.)

vy, Vi Vg sy Ve N /] sy Uy N S TR

3 PRI

Ty, Loy o vy w,}

67. By increasing each variable x (and therefore also X, from its definition) by the
quarter quasi-period in any set of conjugate quasi-periods, and taking all combinations
of these (amounting in number to 2’), each equation of the above system of 2" equations
gives rise to 27 further equations. The reason of this is that each function is periodic
with the exception of a factor

imas

s reT ek

and therefore a product on the left-hand side is periodic with the exception of a factor

im

J ol alll
27g_18—m(xs+x¥+ﬁ sty
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while the corresponding factor on the right-hand side is

—] TR X X+ X
Py €K,

and these are equal in virtue of the relation
ms-l- m’s+ xl’8+ w/1/8= XS+ X/S_I_ X”S-I- X”’S'

As an example, by the substitutions w1+ log Py, for a, ..., xs+glog p, for

X, ..., (235) gives
<
Hq)(xl,xz,... s >+SH<IJ<X1’)”2’ W ,...,x,+1,...,},.>
vl,vg,...,vsi-l =1 UV Vg s Vst Lo, o,
i=r u=r Ms Ngs o v oy Ay e NFL L L L LA,
S SH@ 1 2 9 'S b b b ? (3 b ) .
+t=1u=1 I T T T T T 7A +

tzrusr MAL AL AL A AN e, N
Q { 1 y Ny ) y s 9 y Iy 9
+5 SH(D(;/I s Vg sy Ut vy vy oo,

t=1 u=1

+ SH<1><

L (288).

MAELXN+L oo N A N+
7 ) Uy ,...,vs+1,...,vt,...,v,‘
+ I 7»1+1,7x2+1,...,7»8+1,...,7»1.+1>

7 B S TR A

= same expression with A, N, X written throughout for A, v, x respectively J

The same remark with regard to (238) may be made here as at the end of § 8.
68. We obviously have from the definition

My Mgsoe o M\
q)r >"613 xQ, LR w?']
Vl, Vg- ceey Up

"y =00

1 vy, 2y 3 ) cees ’ ,
=" (____1)""'1)\1 (7111+é) @i tvig Il(py._l[i()\lg Ay )\4r>w o gy e, m,r:l i (239)

= o Vo Vgy v oy Uy

where ®,, ®,_, are functions of the orders », r—1 respectively, and

x ._w-l— +”‘1 gp’m}

r........(zzw).
o ,
log p1s=; 1 log Py, ]

Putting all the numbers in the characteristic of ®, zero, we have
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g(xl, Doy o o oy Xp)

=
it 72 m1

= 3 p e & (x2+ml log p'y,0, 2541, log p'y 5, + . o, @41y log p,,)

my=—p =

—o?. (09 X5, . . ., )P, coS 7;?1‘ I @ (m2+ log 91,0, -+ )+o,:§1(m2_ log P19+ - )]
+ip, sin % @ (tlog pg o )= @ (1= log Py - )}
+p,* cos 217;1%]' —O;I?_ l(m2+2 log p'1,4s - - .)+O’El(x2—_2 log p'1,95 - - )]
~+ip,* sin ?—E—zﬂ lez 1(mg—l- 2Iog P'rg .- -) —0';1: 1(902—2 log 9’10, - - )]

+ ...

Expanding and arranging, this gives

D(x), Ty . oo, B)= P (@), X5, . . ., m7.)[1—|—2p cos —~—|-2p] cos ———1—1— ]
0

)1 N

. . ’ ’ d
+ 2Z{2’1 s ZTK%"' 2p,* sm e + 3p,” sin _“‘1' }<10g P 1,267;,;4' log p"), S(T%-F« . ~>0‘1’

yi 1

2

1 T d d
+5; 2{191 cos I—{:l—l- 2%.p0,* cos —-~»+ }(logp’l,g%-l— logp’l,gg;s—}— - > o,?il
+ ..

. ___1 deoo(xl) 2K, ‘i _2_,19» LZ_
—O;Iilgo,o(xl) e 1%2’1,2dw2+ . 10%?1,365% 0;1)_1
1 POy 2K, 4 2K, K2
+2!<7‘r> do? l 08 Progy T o log Pl.,sd%‘l‘ ,(,I.)-1+ (241)
31%1 3 (logpn Ko
=e ™ =2 ‘Mm 0(901)0?1(962, gy oo @) oo . (242)
25 2 K,Im g Pyt b=
—e oy = 08 Ps . dx: H 00 O(xt) N . . . . . .. (243),

where the double summation in the index implies that s, ¢ are to have every value
1, 2, 8....,r (but never the same value together) ; and

u }:lu

oo(wt) 0o,0(1)00,0(2) - - - Oo,0(@r)-

The theorem for the general function is

s=r t=
My Aoy o oo s Ay 2 2 = K;K:log_[);,g
@{< 1 Ay e e ;)xl’ Zy . 907.}=e P dwdnne,,u,,\“(xw) . (244).

Vis Vgy o v v s Uy
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69. Since 0(x,) satisfies the general differential equation

are 2\ 40 N
dx,t 2%,,<K “ _K,L>d +2 uK w d o =0

and the general term in ®, so far as concerns ,, is a numerical multiple of

amd(z,)

K [/ . Wi
U d 7,“

it follows, exactly as in Section II., that ® satisfies the » equations of the form

G s o BNID L AP ‘
dxuz'-zmu("zr —Ku>0lx+2K”K”d =0. . . . . . (245).

That this is satisfied can be verified by means of the definition of ®; and the same
is true of the 47(r—1) equations of the type

@D | IKK, P
Potgy T 702 dda,

=0 . . . . . . . . (246)

all satisfied by @.

70. Expressions for the constant terms in the even functions and for all coefficients
in the expansions of all the functions in powers of the s may be obtained as before.
Noticing that

I
0,:(0)=(2) i’

(v, \ being either zero or unity, but not both unity at the same time) we have

L : 2 r t=p vt L
C(Xl’ Ay ’X> < >Vo I K jead, % I (247)
Vi, Vgy v v s Uy
where
h 2321‘ t§7'1 dﬂ >% ‘ . (248)
= CO0S — . . . . . . .
Vo=00 { s=1t=1 ngs’l<d]7sd]” }

and in the summation s, ¢ are not to have the same value together. This gives the
constant term in all those 3" even functions in the characteristics of which no two
corresponding numbers are unity at the same time. Similarly if we put
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s=prt=r a2
7TV/ 7;;'-—210g_pl m+5r{(logpl m) dpd"+310gplm2 b (10g2)s, ) d (l }—l—

1 3 s=rt=r A2 1
ZW Jsmh 2{log pia{ ) + % 3 log <dma>}

d])ld]?m
+sinh 21 <—f§2—~> S50 <——d2—>H | (249)
Sin Og pl,m dpldpm el g ps,t d}?sdpz . .. .

where in the summation s, ¢ take all the values 1, 2, 8, ..., r, except [ and m together,
then

ApAgy v ey byenny 1y oi i) A, 2\5 -
C< v ’ > >=<7T> VZ m(/lclcm m Kl Km H"t4c 4Kt . (2‘30)

U Vg oovs Loy L oioym,

in which ¢ has all values except /, m. This formula gives the constant terms for all
those 3”72 even functions in the characteristics of which \;=\,=1=w»,=v,, but no
other corresponding numbers are unity at the same time; and since /, m may be any
whatever of the suffixes, this formula comprises 3r(r—1)3""? constants.

The above will suffice to indicate how all the constants may be obtained.

Nore.—Since the above memoir was written I have seen a paper by Professor H. J.
S. SmrtH (in vol. x. of Lond. Math. Soc. Proc., 1879) in which the results of §§ 6, 62,
and 63 are given in an equivalent but somewhat different and more concise form.
[Sept. 29, 1882.]



